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Quantum Mechanics: 1-D Potential

% CSIRNET PYQ
1. The wavefunction of a particle is given by

v =00+ i)

where ¢, and ¢; are the normalized
eigenfunctions with energies E, and E;
corresponding to the ground state and first
excited state, respectively. The expectation value
of the Hamiltonian in the state i is

[CSIR JUNE 2011]
Ey Ey
@~ +E (b) 5 —E
E, — 2E Ey, + 2F
(©) % (d) %

Consider a particle in a one-dimensional
potential that satisfies V(x) = V(—x). Let [i,)
and [, ) denote the ground and the first excited
states, respectively, and let |¢) = a,ly,) +
a;|Y,) be a normalized state with @, and a;
being real constants. The expectation value (x)
of the position operator x in the state [1) is given
by
[CSIR DEC 2011]

(@) ag(Polxlho) + af (s lxlihy)

(b) agas [(Wolx[¥h1) + (P |x[iho)]
(©) a§ +af
(d) Zagay

The wave function of a particle at time t = 0 is
given by

1
1¥(0)) = E(Iuﬂ + [uz))

, where |u;) and |u,) are the normalized
eigenstates with eigenvalues E; and E,
respectively, (E, > E;). The shortest time after
which |1 (t)) will become orthogonal to |1/(0)) is

[CSIR DEC 2011]
@ —hm ) hm
a ———————
2(E; — Ey) E, — E;
V2hm q 2hm

A particle in one-dimension is in the potential
0, ifx <O
Vix)=4-V, ,if0<x<1
0 Jifx >1
If there is at least one bound state, the minimum
depth of potential is

[CSIR JUNE 2012]
hem? b h2m?
@ 8ml? (b) 2ml?
2h%m? q h2m?
© — (d) —

If a particle is represented by the normalized
wave function

V15(a? — x?)
W) =4 agsz for —a<x<a
0 , otherwise
the uncertainty Ap in its momentum is
[CSIR DEC 2012]
(a) 2h/5a (b) 5/2a
(c) V10h/a (d) V5h/2a

The energies in the ground state and first excited
state of a particle of mass m = % in a potential
V(x) are -4 and -1 , respectively, (in units in
which A=1 ). If the -corresponding
wavefunctions are related by P,(x) =
Yo(x)sinhx, then the ground state
eigenfunction is
[CSIR DEC 2012]

(@) Yo(x) =+vVsechx (b) Yo(x) =sechx

(©) Po(x) =sech?x (d) Yo(x)sech3x
IfyY(x) = Aexp(—x*) is the eigenfunction of a
one-dimensional Hamiltonian with eigen value
E = 0, the potential V(x) (in units where A =
2m=1)is [CSIR DEC 2013]
(a) 12x2 (b) 16x°

(c) 16x° + 12x? (d) 16x° — 12x?

A particle is in the ground state of an infinite
square well potential given by,

0 for—a<x<a
00 otherwise

V(o) ={




0.

10.

11.

12.

The probability to find the particle in the

interval between — % and % is[CSIR DEC 2013]
1 b 1 N 1

(@3 () 5+
1 1 q 1

@3-~ (@ —

A particle of mass m in three dimensions is in the

potential

(0, r<a
Vi) = {oo, r>a
Its ground state energy is [CSIR JUNE 2014]
szflz 7.l.th
@ 2ma? (b) ma?
3m2h? . 9m2h?
© 2ma? (@) 2ma?

An electron is in the ground state of a hydrogen
atom. The probability that it is within th Bohr
radius is approximately equal to

[CSIR JUNE 2014]
(a) 0.60 (b) 0.90
(c)0.16 (d) 0.32
A particle in the infinite square well potential
0, 0<x<a
V() = {oo, otherwise

is prepared in a state with the wavefunction

Asin3 (n_x) 0<x<a
Y(x) = a
0, otherwise
The expectation value of the energy of the
particle is”

[CSIR JUNE 2014]
S5h%m? " 9h2 12
@ 2ma? (b) 2ma?
9h% 12 q h2m?
© 10ma? (@ 2ma?

Let; and Y, denote the normalized eigenstates
of a particle with energy eigenvalues E; and E,
respectively, with E, > E;. At time t =0 the
particle is prepared in a state

1
Yt =0)= ﬁ(#ﬁ +3)

The shortest time T at which W(t = T) will be
orthogonal to W(t = 0) is
[CSIR DEC 2014]

13.

14.

15.

16.

2hm hm

aA)———— b) ——
W& -0 R AR
© hm o) hm
C — —
2(E; — Eq) 4(E; — E1)
A Hermitian operator 0 has two normalized

eigenstates |1) and |2) with eigenvalues 1 and 2
, respectively. The two states |u) = cos 8|1) +
sin 6|2) and |v) = cos ¢|1) + sin ¢|2) are such
that (v|0|v) = 7/4 and (u | v) = 0. Which of the
following are possible values of 8 and ¢?

[CSIR DEC 2015]
T s s s
(a)@——gandqb—g (b)@—gand¢—§

(C)ez_%and(’b: (d)9=gand¢=—n

I
4 6
The ratio of the energy of the first excited state
E;, to that of the ground state E, of a particle in
a three-dimensional rectangular box of sides

L,LandL/2is [CSIR JUNE 2015]

(@)3:2 (b) 2:1
(0)4:1 (d)4:3
The state of a particle of mass m in a one

dimensional rigid box in the interval 0 to L is
given by the normalized wavefunction

= ot )1 )

If its energy is measured the possible outcomes
and the average value of energy are, respectively

[CSIR JUNE 2016]
h?  2h? 73 h?
@ 2mL2’ mL2 an 50 mL?
h? h? 19 h2

O gz 2mz " 2omiz
h?  2h? 19 h?
2mL2’ mlL2 an 10 ml2

©

he_ 2k 73 2
smL?’ mL2 " 200 mL?

(d)

A particle of mass m moves in one dimension
under the influence of the potential V(x) =
—ad(x), where a is a positive constant. The
uncertainty in the product (Ax)(Ap) in its
ground state is




17.

18.

19.

20.

[CSIR JUNE 2016]

a)2h b) =
= d) v2h

Consider the two lowest normalized energy
eigenfunctions y(x) and P;(x) of a one-
dimensional system. They satisfy ¥y (x) = ¥5(x)
and

d
Y1) = a0

where « is areal constant. The expectation value
of the momentum operator in the state i, is

[CSIR DEC 2016]
h
@-— (b)0
a
h 2h
O (D) —
A particle in one dimension is in a potential

V(x) = A6(x — a). Its wavefunction ¥(x) is

: . BN . d
continuous everywhere. The discontinuity in d—f

atx = ais [CSIR DEC 2016]

(@) Zh—TAll)(a) (b) AY(a) —¥(-a))
72

(©) ﬁA (do

The eigenstates corresponding to eigenvalues E;

and E, of a time-independent Hamiltonian are
|1) and |2) respectively. If at t = 0, the system is
in a state [ (t = 0)) = sin 8|1) + cos 6|2) the
value of (1 (t) | P (t)) at time t will be

[CSIR JUNE 2016]
@1
) (E;sin? 6 + E,cos? 0)

VE + EZ

(c) e'F1t/tsin @ + etF2/Mcos @

(d) e~ F1//hsin? @ + e~F2t/hcos? @

Consider a potential barrier A of height V, and
width b, and another potential barrier B of
height 2V, and the same width b. The ratio T4 /Ty
of tunnelling probabilities T, and Tg, through

21.

22.

23.

barriers A and B respectively, for a particle of
energy /100 is best approximated by
[CSIR JUNE 2017]

(a) exp [(\/1.99 —/0.99),/8mV,b2 /hz]

(b) exp [(VI.98 — V0.98),/8mV,b? /7|

(c) exp [ (V299 — v0.99),/8mVb? /]

(d) exp | (V2.98 — V0.98),/8mV,b?/7?

The two vectors (g) and (ch) are orthonormal if

[CSIR JUNE 2017]
(@) a=+1,b=+1/\/2,c = +1/V2

(b)a=+1,b=+41,c=0
(d)a=+1,b=0,c ==+1

(a==+1,b==+1/2,c=1/2

The normalized wavefunction in the momentum
space of a particle in one dimension is
a
o) = o7+ 2
where @ and f are real constants. The
uncertainty Ax in measuring its position is
[CSIR DEC 2017]
ha ha
(a)Vm 72 (b)Vr g
© @ 2
C — — —
V2B BB
At t = 0, the wavefunction of an otherwise free

particle confined between two infinite walls at
x=0

F=0) = 2(_ X . 37Tx>
Y, t=0) = 7 \sin 7 —sin —

2

. . 12,
Its wave function at a later time t = TTh is

[CSIR JUNE 2018]

2(_ X ) 3nx) in/6
€)) I smL sin I e

and x=1L is




b 2(_ rrx+ ) 3nx) —in/e

(b) I sin i sin I e
2(_ nx+ ) 37rx) —in/8

(0 p\sin7-+sin ——Je

d 2(_ nx+ ) 37rx> —in/e

(d) [\sin 7~ +sin——Je

24. A particle of mass m is confined in a three-
dimensional box by the potential

0, 0<x,y,z<a

V(xy,z) = {00, otherwise

The number of eigenstates of Hamiltonian with

9h?m?
energy —— i [CSIR JUNE 2018]
@1 (b) 6
(©3 (d) 4

25. The energy eigenvalues of a particle of mass m,
confined to a rigid one-dimensional box of width
L, are E,,(n = 1,2, ...). If the walls of the box are
moved very slowly toward each other, the rate of
change of time-dependent energy % of the first

excited state is

[CSIR DEC 2019]
E,dL ) 2B dL
@72 ®) T2
2E, dL o _Fadl
©O-T @ -7

26. A quantum particle of mass m in one dimension,
confined to a rigid box as shown in the figure, is
in its ground state. An infinitesimally thin wall is
very slowly raised to infinity at the centre of the
box, in such a way that the system remains in its
ground state at all times. Assuming that no
energy is lost in raising the wall, the work done
on the system when the wall is fully raised,
eventually separating the original box into two

compartments, | [CSIR JUNE 2019 ]
—
-L o L -L o0 L

27.

28.

29.

3m2h? . T2 h?
@) g2 S eE
w2h?
d) 0
©5 (@
A particle of mass in and energy E > 0. in one

dimension is scattered by the potential
V(x)a

al b I
4
P,

If the particle was moving from x = —oo to x =
oo, which of the following graphs gives the best
qualitative representation of the wavefunction
of this particle?

[CSIRJUNE 2019 ]
wx) w(x)
a b * a b *
a b ¥ a h *
Let the normalized eigenstates of the
Hamiltonian,

2 10
H=<1 2 O)
0 0 2

be [,), |Y,) and [13). The expectation value (H)

and the variance of H in the state
1
=— + -1 are
[¥) ﬁ(h/h) [Y2) —il3))
[CSIR DEC 2019]
4 1 4 2
€)) 3 and 3 (b) 3 and 3
(c)2and> (d)2and1
The wavefunction of a free particle of mass m,

constrained to move in the interval =L < x < L,
isyY(x) = A(L + x)(L — x), where A is the

normalization constant. The probability that the
ZhZ

particle will be found to have the energy ;Tm_Lz is
[CSIR JUNE 2019]
(@0 (b) = © : (d) -
a — ) — —
V2 2V3 m




30. For the one dimensional potential wells 4, B and
C,as shownin the figure, let E4, Ep and E. denote

the ground sate energies of a particle,
respectively.
=4 or r
') & &
Xy
21
! a . a i a
¥
A B C

The correct ordering of the energies is
[CSIR NOV 2020]
(a)Ec>EB>EA (b)EA>EB>EC

(c)Ez > E; > E, (d) Eg > E, > E,

31. The state of an electron in a hydrogen atom is

1 1 1
) = 7 11,0,0) + Ve 12,1,0) + v 13,1, 1)

where |n,l,m) denotes common eigenstates of
A,0? and L, operators in the standard
notation.In a measurement of L, for the electron
in this state, the result is recorded to be 0 .
Subsequently a measurement of energy is
performed. The probability that the result is E,
(the energy of the n = 2 state) is

[CSIR NOV 2020]
@1 (b) 1/2
(©2/3 (d)1/3
32. Let the normalized eigenstates of the
2 10
Hamiltonian H = (1 2 0) be [Y4), |Y,) and
0 0 2
|1p3). The expectation value (H) and the variance
of H in the state
) = %(Wh) + [¥2) —ils)
are
[CSIR DEC2021]

4 d1 b4 d2
(a)3an 3 ()3an 3

(c)2and> (d)2and 1

33. The momentum space representation of the
Schrodinger equation of a particle in a potential
4G) is

0
(1812 +B(v3)")¥@.0) = ih— 9, 0)

34.

35.

36.

0
ap;
, and f is a constant. The potential is (in the

following V and a are constants)
[CSIR SEP 2022 ]

(b) Voe™""/4"

Where(Vp)i =

(a) Voe 7/a*

2 4

©% (%) @V (%)

If the expectation value of the momentum of a
particle in one dimension is zero, then its (box-
formalizable) wave function may be of the form
[CSIR SEPT 2022 ]
(a) sin kx (b) e**sin kx

(c) e**cos kx (d) sin kx + e**cos kx

The energy/energies E of the bound state(s) ofa
particle of mass m in one dimension in the

oo, x<0
potential V' (x) = {—VO, 0 <x < a(whereV, >
0, x=a
0 ) is/are determined by
[CSIR SEPT 2022 ]
’Zm(E + Vo) E -V,
2 =
(@)cot” | a W £
2 =
(b)tan” | a 2 4V,
2m(E + V,) E
2 —
©cot* e = |~ "5+,
2m(E + V) E -V,
(dtan? | a oz =—z
A particle of mass m is in a one dimensional

infinite potential well of length L, extending from
x =0 to x = L. When it is in the energy Eigen-
state labelled by n, (n = 1,2,3,..)the probability
of finding in the interval 0 < x < L/8is 1/8. The
minimum value of n for which this is possible is
[CSIR FEB 2022 ]
(©)6 (d)8

(@) 4 (b) 2




37.

38.

39.

40.

The figures below depict three different wave
functions of a particle confined to a one
dimensional box -1 <x <1

A B c

v 30 3

The wave functions that correspond to the
maximum expectation values |[{(x)| (absolute

value of the mean position) and (x?2),
respectively, are

[CSIR FEB 2022 ]
(@) Band C (b) Band A
(¢c)CandB (d) Aand B
The unnormalized wave function of a particle in

one dimension in an infinite square well with
walls at x = 0 and x = q, is P(x) = x(a — x). If
P (x) is expanded as a linear combination of the
[o WeolPdx s

proportional to the infinite series (You may use

energy  eigenfunctions,

foatsin tdt = —acos a + sin a and

foatzsin tdt = —2 — (a* — 2)cos a + 2asin a
[CSIR FEB 2022]

(@) Xz (2n—1)7° (b) ¥r=1 @n—1)7*

(© Zn=a(@n—1)72 (d) Zr=(@n—17°
A quantum particle of mass m is moving in a one
dimensional potential
V(x) =Vy0(x) — 16(x),

where V,, and 1 are positive constants, 6 (x) is the
Heaviside step function and §(x) is the Dirac
delta function. The leading contribution to the
reflection coefficient for the particle incident
from the left with energy E >V, > 1 and

vV2mE > V%h is

[CSIR DEC 2023]
A . Ve ma? q ma?
@7z ®gpz O Dz

A particle of mass m is in the third energy
eigenstate of an infinite potential well of width
a. The time interval in which the phase of this
wave function changes by 2 is

[CSIR JUNE 2025]
( 4ma? ® 4ma?
2) 3mh ) omh

41.

42.

43.

2 8ma?

9th

8ma
3mh

© (d)

The probability density of a free particle of
mass m at time t = 0, is given by

X2
Aexp <— 202(0)>

Att > 0, its probability density is proportional

to exp (— %Z(t)), where o2 (t) is
[CSIR JUNE 2025]

h2t?

a2(0)m?
242

402(0)m?

4h2¢?
a2(0)m?

2h2t?
a2(0)m?

(@)a?(0) +
(b)a?(0) +
(0)a?(0) +
(d)o?(0) +

A particle of mass m is in a cubic box of side a.
The potential inside the box (0 < x < a,0 <

y <a,0,< z < a) is zero and infinite outside. If
the particle is in an energy eigenstate with E =

7;—122, a possible wavefunction is
[CSIR DEC 2024]
2\3/2 . Mx\ . (TYN\ . (27Z
@y = (E) sin (7) sin (;) sin (T)
2\3/2 . mx\ . (3my\ . [z
by = (E) sin (7) sin (T) sin (7)
3/2

3/2

@v=(3) s ()i ()i ()

Using a normalized trial wavefunction ¥(x) =
Vae~**! (a is a positive real constant) for a
particle of mass m in the potential V (x) =
—16(x), (A > 0), the estimated ground state
energy is

[CSIR JUNE 2024]
mA? mA?
@~ % )Gz
ma? q mA?
(C) th ( ) 2h2
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1.
6.

11.
16.
21.
26.
31.
36.
41.

R/
0.0

1.

A particle of mass m is bound in one dimension
by the potential V(x) = V,6(x) with I/, < 0. If
the probability of finding it in the region |x| < a

is 0.25 , then a i [CSIR JUNE 2025]
()h213 (b)hzls
Vmv, M4 2mv, 4
2 1 hZ
In > d In -
© v, 7 @D e 3

A quantum mechanical particle in a harmonic
: .1
potential has the wave function NG [Yo(x) +

Y, (x)] att = 0, where Yy (x) and 1, (x) are the
wave functions of the ground state and the first
excited state respectively. If the frequency of
the oscillator is w, the probability density of

finding the particle at x after time t = %is
[CSIR DEC 2025]

1

(@ 51100 = Yo
1

() 5 1 () + o (PP
1

© 2 [1(x) — ill’o(x)|2

1 1
(@ 5 1$: O +5 (O

d 2. b 3. a 4. a 5 d
c 7. d 8. b 9. a 10. d
c 12. b 13. a 14. a 15. a
c 17.b 18. b 19. a 20. a
C 22.c 23.c 24. c 25. ¢
a 27.c 28.c 29. a 30.a
c 32.c 33.d 34. a 35.c
a 37.a 38.b 39.c 40. b
42. c 43.d 44. b 45. a
GATE PYQ
Which of the following functions represents an

acceptable wavefunction of the particle in the
range —o < x < 00 ?

[GATE 2001]
(@) Y(x) =Atan x, A>0

(b) Y (x) = Bcos x; B is real

D
(O)Y(x) = Cexp (_F)'C >0,D<0

(d) Y(x) = Exexp (—Fx?);E,F >0

A quantum particle of mass m is confined to a
square region in xoy-plane whose vertices are
given by (0,0), (L, 0), (L, L) and (0, L). Which of
the following represents an admissible wave
function of the particle (for [,m,n positive
integers)?

[GATE 2001]

€)) %sin (nLLx) cos (?)

(b) %cos (lnTx) cos (nLLy)
(o) %sin (mzrx) sin (?)

(d) %cos (nLLx) sin (lnTy)

If the wave function of a particle trapped in space
between x=0 and x=L is given by

P(x) = Asin (ZLLx)

, where A is a constant, for which value(s) of x
will the probability of finding the particle be the
maximum?

[GATE 2002]
@7 OF

L L L 3L
©) o and - (d) " and ”
The normalized wave functions y; and ¥,
correspond to the ground state and the first
excited state of a particle in a potential. You are
given the information that the operator 4 acts on
the wave functions as Ay; =, and Ay, =
11.The expectation value of A for the state ¢ =
By +49,)/51is
[GATE 2003]
(a)-0.32 (b) 0.0

(c) 0.75 (d) 0.96

The normalized wave functions y; and ¥,
correspond to the ground state and the first
excited state of a particle in a potential. You are




given the information that the operator A acts on
the wave functions as Ay, =y, and Ay, =
11.Which of the following are eigenfunctions of
Az

[GATE 2003]
(@) Y1 and P,

(b) Y, and not ¥

(c¢) Y4 and not ¢,

(d) neither ¥, nor Y,

A particle is located in a three dimensional cubic
well of width L with impenetrable walls.

The sum of the energies of the third and the
fourth levels is

[GATE 2003]
(a) 10m%h? /mlL? (b) 10m2h?/3ml?

(c) 11m%h?%/2ml? (d) 15m2h% /2mL?
A particle is located in a three dimensional cubic
well of width L with impenetrable walls.The
degeneracy of the fourth level is given by

[GATE 2003]
(@1
©3

(b) 2
(d) 4

The wave function of a spin-less particle of mass
min a one-dimensional potential V (x) is i (x) =
Aexp (—a?x?) corresponding to an eigenvalue
E, = h?a?/m. The potential V (x) is

[GATE 2004]
(@) 2E,(1 — a?x?) (b) 2E,(1 + a?x?)

(¢) 2Eya®x? (d) 2E5(1 + 2a%x?

A particle is confined to the region 0 < x < L in

one dimension

If the particle is in the first excited state, then the

probability of finding the particle is maximum at
[GATE 2004]

L b L
@x == bx=7

L d L d3L
(c)x—§ ()x—Zan T

10. A particle is confined to the region 0 < x < L in
one dimension
If the particle is in the lowest energy state, then
the probability of finding the particle in the

region0 < x < %is
[GATE 2004]

1 1 bl
(a 1 en ()Z
1 d1
()4 an ()E

11. A free particle is moving in +x-direction with a
linear momentum p. The wavefunction of the
particle normalized in a length L is

[GATE 2006]

1 . p b 1 p
(a)ﬁsm 7X ( )ﬁcos 7 X
4 ~ikx d 1 ipx

(C)\/Ze ()ﬁe

12. The wavefunction of a particle in a one-
dimensional potential at time t = 0 is

Y(x,t=0) = %[2"00(9‘) e

where 1y (x) and 1, (x) are the ground and the
first excited states of the particle with
corresponding energies E, and E;. The
wavefunction of the particle at a time t is

[GATE 2006]

1 = Eo
(a)ﬁe [21/)0(x) Y1 (x0)]
byt e 1
(b) \/ge

1 —ls
(C)ﬁe [210 () — 1 (x)]

—-E;t
@ [2000e T —pr00e ]

13. The wavefunction of a particle, moving in a one-
dimensional time-independent potential V (x), is
given by y(x) = e~iax+b
constants. This means that the potential V' (x) is
of the form.

, where a and b are

[GATE 2007]

@) V(x) « x (b) V(x) x x?

10




©Vkx)=0 (A V(x) x e

14. A particle with energy E is in a time-independent

15.

16.

double well potential as shown in the figure.

\MW

jevs

Which of the following statements about the
particle is NOT correct?

[GATE 2007]
(a) The particle will always be in a bound state
(b) The probability of finding the particle in one
well will be time-dependent
(¢) The particle will be confined to any one of
the wells
(d) The particle can tunnel from one well to the
other, and back

There are only three bound states for a particle
of mass m in a one-dimensional potential well of
the form shown in the figure. The depth V;, of the
potential satisfies

[GATE 2007]

JIL"|.-’
+a/f2

92 h?
2ma?

mT°h
(a) - <V <

2m2h?
< 2
ma

8m2h?

ZhZ
<
0 ma?

" <V
©=—

50m2h?
2

2m2h?
—<Vp <
ma ma

(d)
A particle is placed in a one dimensional box size
L along the x-axis (0 < x < L). Which of the
following is true?

[GATE 2008]
(a) In the ground state, the probability of finding
the particle in the interval (L/4, L/4) is half.

17.

18.

(b) In the first excited state, the probability of
finding the particle in the interval (L/4,3 L/4) is
half. This also holds for states with n=

(c) For an arbitrary state |V'), the probability of
finding the particle in the left half of the well is
half.

(d) None

A particle is placed in a one-dimensional box size
L along the x-axis (0 < x < L). Which of the
following is true? Throughout 0 < x < L, the
wave function

[GATE 2008]
(b) is exponential decaying

(a) can be chosen to be real
(c) is generally complex
(d) is zero

Common Data Questions
Common Data for Questions 18, 19 and 20:

A beam of identical particles of mass m and
energy E is incident from left on a potential
barrier of width L (between 0 < x <L) and
height V, as shown in the figure (E <V}).

V(X]‘“

Vo

=

-

D<—= "
For x > L, there is tunneling with a transmission
coefficient T > 0. Let Ay, Az and Ay denote the
amplitudes for the incident, reflected and the
transmitted waves, respectively.

Throughout 0 < x < L, the wave function
[GATE 2008 ]
(a) can be chosen to be real

(b) is exponential decaying

() is generally complex

11




19.

20.

21.

(d) is zero

Let the probability current associated with the
incident wave be S,. Let R be the reflection
coefficient then

[GATE 2008 ]
(a) the probability current vanishes in the
classically forbidden region

(b) the probability current is TS, for x > L

(c) for, x < 0 the probability currentis Sy(1 + R)
(d) for x > L, the probability current is complex
The ratio of the reflected to the incident
amplitude AR /A, is

[GATE 2008 ]
@1 —Ar/Ag

(b) /(1 — T) in magnitude

(¢) areal negative number

2\ E
Vo—E

For a physical system, two observables O; and
0, are known to be compatible. Choose the
correct implication from amongst those given
below:

Yy

(-

Ao

[GATE 2008 |
(a) every eigen state of O; must necessarily be
an eigen state of O,

(b) every non-degenerate eigen state of 0; must
necessarily be an eigen state of O,

(c) when an observation of O, is carried out on
an arbitrary state |W) of the physical system a
subsequent observation of 0, leads to an
unambiguous result

(d) observation of O; and O, carried out on an
arbitrary state |¥) of the physical system, lead
to the identical results irrespective of the order
in which the observation are made

22.

23.

24.

25.

The De-Broglie wavelength of particles of mass
m with average momentum p at a temperature T
in three dimensions is given by q

[GATE 2009]
h
DA = —— b)l = ——
@ 2mkgT ®) N 3mkgT
(91 " (d)1 "
C = = —
\2kgT V3m
A particle is in normalized state |y) which is a

superposition of the energy eigenstates |E, =
10eV) and |E; = 30eV). The average value of
energy of the particle in the state |¢) is 20eV. The
state |y) is given by

[GATE 2009]

1 V3
() |Eg = 10eV) + —=|E; = 30eV)

1 2
—|E, =1 ’—E =
(b)\/§| 0 0eV) + 3| 1 = 30eV)

1 V3
(C)E|EO = 10eV) _TlEl = 30eV)

1 1
d)—|Ey = 10eV) — —|E; = 30eV)
( )\/E 0 \/Z 1
The monochromatic waves having frequencies w

and w + Aw(Aw < w) and corresponding wave
lengths 4 and A —AA(A1<< A1) of same
polarization traveling along x are
superimposed on each other. The phase velocity
and group velocity of the resultant of the
resultant wave are respectively given by

axis

[GATE 2009]
wl AwA? Y i AwA?
) o 2t (b) ot =5
WAL AwAA D) WAL WAl
& 2 ' 2w (d) wA4, @

Which one of the function given below

represents the bound state eigen function of the
az . . .
operator ———in the region, 0 < x < oo, with the

eigen value —47?

[GATE 2009 |
(a) Age?* (b) Agcosh 2x
(c) Age™%* (d) Apsinh 2x

12




26.

27.

28.

29.

Which of the following is an allowed wave
function for a particle in a bound state? N is a
constantand o, > 0

[GATE 2010]
@ =N e;:r
Y =N1-e")
(©) W = Ne~w-B(x2+y2+7?)
DW= {non—zerooconstant, :?77: i g

The quantum mechanical operator for the
momentum of a particle moving in one

dimension is given by [GATE 2011]
ih d b 'h d
(@)ih—— (b) —ih—
" d d h? d?
ST @D = omae

An electron with energy E is incident from left
on a potential barrier given by
0, forx<O
V) = Vo, forx >0
as shown in the figure
Fix) ,

Vs

_-.E

- X
0

For E <V, the space part of the wave function
for x > 0 is of the form

[GATE 2011]
(@) e** (b) e™¥
(C) eiax (d) e—ia'x

In a one-dimensional harmonic oscillator, ¢, ¢4
and ¢, are respectively the ground, first and the
second excited states. These three states are
normalized and are orthogonal to one another.
Y, and ¥, are two states defined by

Y1 =0 — 2¢1 + 3¢,

Yo =@ — @1 +ag;

where « is a constant? [GATE 2011]

30.

31.

32.

33.

34.

The value of a for which 1, is orthogonal to ¥,
is

(@) 2 (b) 1
(-1 (d) -2
A particle of mass m is confined in a two

dimensional square well potential of dimension
a. This potential V(x,y) is given byV(x,y) =0
for —a < x < aand —a < y < a = o elsewhere
The energy of the first excited state for this
particle is given by

[GATE 2012]
m2h? . 2m%h?
(a) ma? ( ) maZ
5m2h? q 41202
© 8ma? (@) ma?

A proton is confined to a cubic box, whose sides
have length 107'? m. What is the minimum
kinetic energy of the proton? The mass of proton
is 1.67 x 10727 kg and Planck's constant is
6.63 X 10734Js

[GATE 2012]
(a) 1.1 x 10717 ] (b)3.3x10717]

(©)9.9x 10717 ] (d) 6.6 x 10717

Consider the wavefunction A (TT") e™*" where A is

normalization canst. for v = 2r,. The magnitude
of probability current density up to two decimal
places in unit of A? % is, ...

[GATE 2013 ]
The recoil momentum of an atom is p, when it

infrared photon of wavelength
1500 nm, and it is pg when it emits a photon of

emits an

visible wavelength 500 nm. The ratio 24 is

PB
[GATE 2014]
(@ 1:1 (b) 1:v/3
(©)1:3 (d)3:2
The dispersion relation for phonons in a one

dimensional monatomic Bravias lattice with
lattice spacing a and consisting of ions of masses
M is given by,

13




35.

36.

37.

38.

39.

2C
wk) = \/ﬁ[l — cos (ka)

where w is the frequency of oscillation, k is the
wave vector and C is the spring constant. For the
long wavelength modes (1 >> a), the ratio of
the phase velocity to the group velocity is

[GATE 2015]
(a1:1 (b) 2;2

(c)3:5 (d) 7:6

A two-dimensional square rigid box of side L
contains six non-interacting electrons at T = 0K.
The mass of the electron is m. The ground state

2H2
energy of the system of electrons, in units of :mrzz
is
[GATE 2016]
The state of a system is given by

|¥) = [p1) + 2|2) + 3| p3)
Where |¢,), |¢p,) and |¢p3) form an orthonormal

set. The probability of finding the system in the
state |¢,) is____ (Give your answer upto two
decimal places)

[GATE 2016]

A particle of mass m and energy E, moving in the
positive x direction, is incident on a step , where
X > 0, the probability of finding the electron is

i times the probability of finding it at. x = 0. If

2m(V, — E)
a= ’T

the value of x; is

[GATE 2016]
2 1
1 1
© o (d) i

A free electron of energy 1eV is incident upon a
one dimensional finite potential step of height
0.75eV. The probability of its reflection from the
barrier is (up to two decimal places).

[GATE 2017]

Consider a one-dimensional potential well of
width 3 nm. Using the uncertainty principle (Ax -

40.

41.

42,

Ap = h/2) an estimate of the minimum depth of
the well such that it has at least one bound state
for an electron is ( m, = 9.31 x 10731 kg, h =
6.626 X 1073%Js,e = 1.602 x 1071°9C)

[GATE 2017]
(a) 1ueVv (b)1 MeV
(o) lev (d) 2 MeV
A two-state quantum system has energy

t€ the
normalized states |1/)J_r). Attime t = 0, the system

eigenvalues corresponding to

is in quantum state
1
—= )+ Y-
\/E[ P+ )]
The probability that the system will be in the
same state att = h/(6 €)is (up to two decimal
places). [GATE 2018 |

Consider a potential barrier v(x) as in fig. where
vy is a const for particles of energy E <V,
incident on this barrier from the left. Which of
the following diagrams best
represents the probability density |(x)|? as a
function of x ?

schematic

[GATE 2019 ]
Vix
1;( ) V(") =
Y
%
x=0 x=a «x=0b X
by (4] o (9

=Y

4

x=0 x=a x=5b

The wave function ¥ (x) of a particle is as shown
below
v(x)
 d—» —d-»
+a
K
v . x

—— /2 —w— /2 —m

14




Here K is a constant, and a > d. The position
uncertainty (Ax) of the particle is

[GATE 2019 ]
a? + 3d? b 3a? + d?

(@ 1z (b) 1

d? d?

© 3 (d) o2

43. A quantum particle is subjected to the potential

a
0, x< ——
a a
V(X)= 0, —E<X<E
>a
w —_—
) X_Z

The ground state wave function of the particle is
proportional to [GATE 2020]

(a)sin (%) (b) sin (%x)

X X

(c)cos (%) (d) cos (7)

44. A free particle of mass M is located in a three-
dimensional potential well with
impenetrable walls. The degeneracy of the fifth
excited state of the particle is

cubic

[GATE 2020]
45. The wave function of a particle in a one-
dimensional infinite well of size 2a at a certain

time is
1 X

X

Y(x) = \/ﬁ [\/Zsm (;) ++/3cos (%)
3mx

+ cos (%ﬂ
Probability of finding the particle in n = 2 state
at that time is % (Round off to the nearest

integer)

[GATE 2022]
46.

A particle of mass m is moving inside a hollow
spherical shell of radius a so that the potential is

_(Oforr<a
Vi) = {oo forr > a

The ground state energy and wave function of
the particle are E; and R(r), respectively. Then
which of the following options are correct?
[GATE 2022]
h2m

2ma?

@E, =

47.

. h21d<2dR)_ER -
(b) 2mr2ar\’ dar) =70 (r<a)
h* 1 d*R
(o) _%T_ZW =EyR (r <a)
(@OR() = ~sin () (r < @)
r)=_sin{—)(r<a
The wavefunction of a particle in one dimension
is given by
M, —a<x<a
Y = {0, otherwise
Here M and a are positive constants. If ¢(p) is
the corresponding  momentum space
wavefunction, which one of the following plots
best represents |@(p)|? ? [GATE 2023]

ol

| |l.:.'|'
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48. Consider a particle in a two-dimensional infinite
square well potential of side L, with 0 < x < L
and 0 < y < L. The wavefunction of the particle

is zero only along the line y = g, apart from the

boundaries of the well. If the energy of the
particle in this state is E, what is the energy of
the ground state?

[GATE 2023]

1 2

3 1

49, The wavefunction of a particle in an infinite one-
dimensional potential well at time ¢ is

Y(x,t) = \Ee_wlt/hlpl(x)

1 . : 1 . .
+ ﬁ em/6€_lE2t/hll)2 (x) + ﬁ e‘”/4e“E3t/hlp3(x)

where ¥,1, and 3 are the normalized ground
state, the normalized first excited state and the
normalized second excited state, respectively.
E,,E, and E; are the eigen-energies
corresponding to 14,3, and 5, respectively.
The expectation value of energy of the particle in
state W(x, t) is

[GATE 2024]

17 2
(a)?El (b) §E1

3
(©) EEl (d) 14E,

50. A particle is subjected to a potential
o, x<0
V(ix) =4Vo, a<x<Db
0, elsewhere
Here, a > 0 and b > a. If the energy of the
particle E <V, which one of the following
schematics is a valid quantum mechanical
wavefunction (W) for the system?

[GATE 2024]

(A)

(0,07 a b 1

51.

52.

53.

(B)
p ___.H'E' .....
(g‘g) .::r b x
(€}
005 « b 2
(D)

(0,00 :-: .b .1;

The wavefunction for a particle is given by the
form e ~@*+A) wwhere @ and B are real constants.
In which one of the following potentials V (x), the
particle is moving?

[GATE 2024]
(@) V(x) « a?x? (b) V(x) x e~%*
) Vx)=0 (d) V(x) « sin (ax)

An electron in the Coulomb field of a proton is in
the following state of coherent superposition of
orthonormal states ¥,

1 V5

1
Y= §¢100 + ﬁlpzw - ?‘l’szo

LetE;, E,, and E; represent the first three energy
levels of the system. A sequence of
measurements is done on the same system at
different times. Energy is measured first at time
t; and the outcome is E,. Then total angular
momentum is measured at time t, > t; and
finally energy is measured again at t; > t,. The
probability of finding the system in a state with
energy E, after the final measurement is P/9.
The value of P is (in integer).
[GATE 2024]

The wavefunction of the particle is given by. ¢ =
Ae™* 4+ Be~%* Find current density.
[GATE ]
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54.

55.

56.

57.

58.

hk
(a) zero (b)—(1A|* +|B|*)
hkAB dﬁk(A2 B|?)
() —1411B] (&) —(14J* = |B]
A particle of mass m is represented by the

wavefunction 1) = Ae’** where k is wave vector
and A is constant. The magnitude of probability

of current density of a particles

[GATE ]
L .
@14] o (b) |A] o
(hk)? (hk)?
(C)lAlzT (d) |A|22—

The wavefunction of a particle in free space is
given by, 1 = e** + 2¢7%* The energy of the
particle is,

[GATE ]
5h2k? b 3h2k?
Ok b
h2k? d h2k?
© 5 @ —

The prob. current density for the real part of the
wavefunction is,
[GATE ]

hk
@1 ) —

hk
(0 o (d) zero
Q. A beam of monoenergetic particle having
speed v is described by the wavefunction i (x) =
u(x)e™* where u(x) is a real function. This
corresponds to a current density,
[GATE ]

@u?() v (b)v

(d) u?(x)

(c) zero

A particle of mass m in one D is in a state
described by

[GATE ]
ipx—iEt _ ipx—iEt
Y(x,t)=Ae ® 4+ Be h
p p
@~ (®) (14] = B~

59.

60.

61.

P P
©UA41* = 1BI") — (@ (41" + 181" —

the
h? d?
T 2mdx?
and corresponding eigen states is ¢, (x) for a
particle trapped in ID infinite potential box of
width ' a ' centered at x = 0, the state Y (t = 0)
is defined ¥ = 3¢ + 4¢3 (x). Find (E) on .

[GATE ]
75 A% K2 b 151 A2h2
@ 25 ma? (b) 50 ma?
149 h%h? d 153 w2h2
¢ 50 ma? (@) 50 ma?

Consider a system whose wave function at time
t = 0 is given by

5 4 3
(x,0) = ﬁ‘bo(x) +ﬁ¢1(x) + ﬁ‘bz(x)

where ®,(x) is the wavefunction of the n™
excited state for a harmonic oscillator of energy
E, = (n+ y,)hw. find average energy of the
system.

[GATE ]
(2)3.5 hw (b) 1.18Aw
(c) 5.23hw (d) 6.33hw
Which one of the following is correct for the

phase velocity v, and group velocity v,? (¢ is
the speed of light in vacuum )

[GATE 2025 ]
(a)For matter waves in the relativistic case,
VU > C?

(b)For electromagnetic waves in a medium, v,
represents the speed with which energy

Propagates

(c)For electromagnetic waves in a medium,
both v, and v, can be more than ¢

(d)For matter waves in free space, v, # vy,
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36.
41.
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56.
61.

R/
0.0

1.

d 2. ¢ 3. d 4. d 5. a
a 7. ¢ 8. c 9. d 10. a
d 12. - 13. ¢ 14. b 15.a
c 17.b 18. a 19.b 20. a
d 22.c 23.d 24. a 25. ¢
c 27.b 28. b 29. c 30.c
c 32.0.25 33.c 34. a 35. 24
0.28 | 37. ¢ 38.0.11 39.b 40. 0.25
a 42. b 43.d 44. 6 45. 33.3
abc | 47.b 48. b 49. a 50.b
c 52.9 53.d 54. a 55. ¢
d 57. a 58.c 59. a 60.b
d
JEST PYQ
The ground state (apart from normalization) of

a particle of unit mass moving in a one-
dimensional potential V(x) is exp (—x?/
2)cosh (v2x). The potential V(x), in suitable
units so that h=1, is (up to an addiative
constant.) [JEST 2012]

(a) 2 /2

(b) w2 /2 — \2xtanh (v/2x)
(c) m%/2 —2xtan (v/2x)
(d) 72 /2 — V2xcoth (v/2x)

The wave function of a free particle in one
dimension is given by Y (x) = Asin x + Bsin 3x.
Then ¥ (x) is an eigenstate of

[JEST 2012]
(a) the position operator

(b) the Hamiltonian
(c) the momentum operator
(d) the parity operator

Consider a particle of mass m moving inside a
two dimensional square box whose sides are
described by the equations x =0,x =L,y =
0,y = L. What is the lowest eigen value which
changes sign under the exchange of x and y ?
[JEST 2012]

(a) h?/(mL?) (b) 3n%/(2mL?)

(c) 5A%/(2mlL?) (d) 7h%/(2mlL?)
The quantum state sin x| T) + exp (i¢)cos x| !),
where (T[{) = 0 and x, ¢ are real is orthogonal
to:

[JEST 2012]
(a) sin x| T)

(b) cos x| T) + exp (i¢)sin x| 1)
(c) —cos x| T) — exp (i¢p)sin x| 1)

(d) —exp (—igcos x)| T) + sin x| {)

If the distribution function of x is f(x) = xe /4

over the interval 0 < x < oo, the mean of x is
[JEST 2013]

(a) A (b) 22

() A/2 (O

A particle of mass m is contained in a one-

. . e . L
dimensional infinite well extending from x = — 5

L N . .
tox =-. The particle is in its ground state given

by ¢q(x) = JZ_ﬂcos (mx/L). The walls of the
box are moved suddenly to form a box extending
from x = —L to x = L. what is the probability
that the particle will be in the ground state after
this sudden expansion?

[JEST 2013]

(a) (8/3m)? (1) 0

(c) (16/3m)* (d) (4/3m)

A quantum mechanical particle in a harmonic
oscillator potential has the initial wave function
Yo (x) +P1(x), where Py and P, are the real
wavefunctions in the ground and first excited
state of the harmonic oscillator Hamiltonian. For
convenience we take m=ha=w =1 for the
oscillator. What is the probability density of
finding the particle at x attime t = 7 ?

[JEST 2013]

@ W1 (x) = Po(x))?
(b) 1 (3))? = (o (x))?
(©) W1 (x) +1o(x))?
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10.

11.

(d) @1())? + o (x))?

If the expectation value of the momentum is (p)
for the wavefunction Y (x), then the expectation
value of momentum for the wavefunction
eikx/hlp(X) is

[JEST 2013]

(@) k (d) (p) — k

(©(p) +k (d) (p)

The Hamiltonian operator for a two-state system
is given by

H = a(J1)(1] = [2K2] + [1)(2] + [2)(1]),
where a is a positive number with the dimension
of energy. The energy eigenstates corresponding
to the larger and smaller
respectively are:

eigenvalues

[JEST 2014]
(@) |1) — (V2 + D]2),|1) + (2 — D)|2)

(b) [1) + (VZ = 1)|2),|1) = (V2 + D)|2)
(©11) + V2 - 1)[2), (V2 + DI1) - |2)

(d) 1) - (VZ+ 1)|2), (V2 = DI1) + [2)

A ball bounces off earth. You are asked to solve
this quantum mechanically assuming the earth is
an infinitely hard sphere. Consider surface of
earth as the origin implying V(0) =x and a
linear potential elsewhere (i.e. V(x) = —mgx for
x > 0). Which of the following wave functions is
physically admissible for this problem (with k >
0):

[JEST 2014]
()P = e /x (b) ¥ = xe "
(©) Y = —Axer* (d) ¢ = Ae "

Consider a square well of depth —V,; and width a
with V, as fixed. Let V; = o and a — 0. This
potential well has [JEST 2014]
(a) No bound states

(b) 1 bound state

(c) 2 bound states

12,

13.

14.

Y(@) = ﬁlpmo(?i) - m’l’zw(?) + Vii

15.

(d) Infinitely many bound states

A particle of mass m moves in 1 -dimensional
potential V(x), which vanishes at infinity. The
exact ground state eigenfunction is PY(x) =
Asec h(Ax), where A and A are constants. The
ground state energy eigenvalue of this system is,

[JEST 2015]
2192 212
(@ = ®E=-—
212 h2/12
(0)E = — o (dE= -
Given that ¥, and Y, are eigenstates of a

Hamiltonian with eigenvalues E; and E,
respectively, what is the energy uncertainty in

the state (¥, + ;) ? [JEST 2015]
1
@ - VEiE; (b) 2 |E1 — Ey|
1(E + E,) d iIE — E|
© 5 W1 2 (d) 2 2 1

The wavefunction of a hydrogen atom is given by
the following superposition of energy eigen
functions Y., (7)(n, I, m are the usual quantum
numbers):
V2

3 1

V322(7)
The ratio of expectation value of the energy to
the ground state energy and the expectation
value of L? are, respectively:

[JEST 2016]
229 q 12h2 b 101 q 12h2
@504 (b) 554 and =
101 A d 229 A
(©) 542" () 5o 20
An e- confined within a thin layer of

semiconductor may be treated as a free particle
inside an infinitely deep 1D potential well. the
difference in energies between first and second
energy is
_ 3m?h?
ot = 2ma?
find the width of the well
[JEST 2016]
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16.

17.

18.

19.

3h2m2 b 2h2%m?
@ |5msE ®) 1358

T2h? q Th?
© |7msE @) | eE

.1 Lo : :
A spin- 3 particle in a uniform external magnetic

|1) and |2).
(1)+12)
7z at

time t = 0. It evolves to the state described by
the ket {112

field has energy eigenstates

The system is prepared in ket-state

in time T. The minimum energy

V2
difference between two levels is:
[JEST 2016]
h h h h
@z (b) 77 © o5 (d) =
The energy of a particle is given by E = |p| + |q]|

where p and g are the generalized momentum
and coordinate, respectively. All the states with
E < E, are equally probable and states with E >
E, are inaccessible. The probability density of
finding the particle at coordinate g, with g > 0
is:

[JEST 2016]
(Eo +q) q
(@ TR (b) 52
(Eo —q) 1
O @ 5

If the ground state wavefunction of a particle
moving in a one dimensional potential is
proportional to exp (—=x2/2)cosh (+/2x), then
the potential in suitable units such that A = 1, is
proportional to

[JEST 2017]
(a) x?

(b) x? — 2+/2xtanh (v/2x)
(c) x% — 2v/2xtan (v2x)
(d) x% — 2v/2xcoth (+/2x)

The normalized eigenfunctions and eigenvalues
of the Hamiltonian of a Particle confined to move
between 0 < x < a in one dimension are

20.

21.

22.

23.

2 nmx n?m?h?
ll)n(X) = ESIH T and En = W
respectively. Here 1,2,3 ... Suppose the state of
the particle is
. TXx X
P(x) = Asin (;) [1 + cos (F)]

where A4 is the normalization constant. If the

energy of the particle is measured, the
probability to get the result as
w2 h?
2ma?

is %. What is the value of x ?
[JEST 2018]

Consider a wave packet defined by
$e) = | dkfGresp [iGko)
Further, f(k) = 0 for |k| >§ and f(k) = a for

k| < g Then, the form of normalized Y (x) is
[JEST 2018]

. Kx
V8K . Kx 2 sin —-
(a) sin — (b) |—
x 2 K x
. Kx
V8rK Kx 2 sm—-
(© coS — d) |—
x 2 nK x
What is the binding energy of an electron in the
ground state of a He*ion? [JEST 2019]
(a) 6.8eV (b) 13.6Ev
(c) 27.2eV (d) 54.4eV

b2%x?
The wave function Y (x) = Aexp (— T) (for

real constants A and b ) is a normalized eigen-
function of the Schrodinger equation for a
particle of mass m and energy E in a one
dimensional potential V(x) such that V(x) =0
at x = 0. Which of the following is correct?

[JEST 2019]
h2b*x? h2b*x?
(@) BV =——
2p2 232
E = d)E =
(OF =7 @
Consider a quantum particle in a one-

dimensional box of length L. The coordinates of
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24,

25.

26.

27.

the leftmost wall of the box is at x = 0 and that
of the rightmost wall is at x = L. The particle is
in the ground state at t =0. At t =0, we
suddenly change the length of the box to 3L by
moving the right wall. What is the probability
that the particle is in the ground state of the new
system immediately after the change?

[JEST 2019]
9
(a)0.36 (b) —
8t
81 q O.SL
The wave function of an electron in one

dimension is given by
_ 0, forx <0
Yo = {2\/§e‘x(1 —e™), forx=>0
The ratio between the expected position (x) and
the most probable position x,, is

[JEST 2020]
(a) 0.856 (b) 1.563
(c) 2.784 (d) 3.567

A free particle of energy E, characterized by a
plane wave of wavelength A enters a region of
constant potential —V (where E>V >0 ).
Within the region of the potential, the

wavelength of the particle is % The ratio % is:
[JEST 2020]

-1
@ 3 (b) — 3

©3 @3

A two state quantum system has energy

eigenvalues +€ corresponding to normalised

states Y. At

time t = 0 the system is in the quantum state
(Y +9-]

V2
Find the 10000 X probability that the system

. . . h
will be in the same state at time t = o where

h is the Planck's constant.
[JEST 2020]

A particle with energy E is in a bound state of the

one-dimensional Hamiltonian

28.

29.

2d2

T 2mdx?
The expectation value of the momentum (p)
(a) is always zero

+V(x)

(b) depends on the degeneracy of the eigenstate

(c) is zero if and only if the potential symmetric
V(=x)=V()

(d) depends on the energy E of the eigenstate

A quantum particle is moving in one dimension
between rigid walls at x = —L and x = L, under
the influence of a potential (see figure). The
potential has the uniform value V, between
—a < x < aq,and is 0 otherwise. Which one of the
following graphs qualitatively represent the
ground state wavefunction of this system? (You
can assume that a < LV, > m?/8mlL?).

[JEST 2021]
Va
-] "G 1R L X
v(x) [’*’“]
(a) (b)
_L 50 & L.\:‘ -L —a 0 a L

—a 0 a L

_ e
(d)
—a /0 4 L
1 I X
L

Consider a 4-dimensional vector space V that is
a direct product of two 2-dimensional vector
spaces

V1 and V5. A linear transformation H acting on V
is specified by the direct product of linear
transformations H; and H, acting on V; and V,,
respectively. In a particular basis,

=5 = )

what is the lowest eigenvalue of H ?
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30.

31

32.

33.

[JEST 2021]

@1 OF

(©)3-+5 (d)5(3—5)

A particle is in the nth energy eigenstate of an
infinite one-dimensional potential well between
x=0 and x = L. Let P be the probability of
finding the particle between x = 0 and x = 1/3.
In the limit n — oo, the value of P is

[JEST 2021]

(@ 1/9 (b) 2/3

(©)1/3 (d)1/V3
A beam of high energy neutrons is scattered
from a metal lattice, where the spacing between
nuclei
is around 0.4nm. In order to see quantum
diffraction effects, the Kkinetic energy of the
neutrons must be of the order [Mass of neutron
= 1.67 x 10727 kg, Planck's constant = 6.62 X
1073* m? kgs™1]

[JEST 2022]
(@) meV (b) MeV

(c) eV (d) keV
If & and ¢ are respectively the polar and
azimuthal angles on the unit sphere, what is
(cos? (8)) and (sin? (@)), where (0) denotes the
average of 0 ?

[JEST 2022]
(a) (cos? (8)) = 3/4and (sin? (0)) = 1/4

(b) (cos? (8)) = 1/2 and (sin? ()) = 1/2
(c) (cos? (8)) = 1/3 and (sin? (8)) = 2/3
(d) (cos? (8)) = 2/3 and (sin? (8)) = 1/3

A-A particle is confined in an infinite potential
well of the form given below.
V(x) = {4V0x(1 — J.C),VO <x<1
oo, otherwise
If the particle has energy E = V,,, which of the
following could be the form of its wavefunction?
[JEST 2022]

34.

35.

36.

37.

IAAA /N /\ f’li\l
[EEUAVARRVA'LLLLN

(b) O‘Y /\ 'Wlat‘w&'\""lr IHg 1& 1
UV Y

\
(a) o f i

(© o U‘lflf' An

A particle of mass m moves in one dimension.
The exact eigenfunction for the ground state of
the

system is

Yoo = cosh (1x)’
where, A is a constant and A4 is the normalization
constant. If the potential V(x) vanishes at
infinity, the ground state energy of the system is

[JEST 2022]
h22? h2?
- b
@ -—— (b)——
h22A d h22
© 5 (d) ———
The frequency dispersion relation of the surface

waves of a fluid of density p and temperature T,
is
given by w? = gk + Tk3/p, where w and k are
the angular frequency and wavenumber,
respectively, g is the acceleration due to gravity.
The first term in r.h.s. describes the gravity
waves and the second term describes the surface
tension wave. What is the ratio of the first term
to the second term, when the phase velocity is
equal to the group velocity?

[JEST 2023]
Consider a spin- 1/2 particle in the quantum
state

(g, = cos (5)11)+sin (5) eie|
where
0<p <mand 0 < a < 2x. For which values of
(6,y) is the state |P(6,y)) orthogonal to
[P (B, a))? [JEST 2023]

@ @@+pm—a) (b) (m=p,m—a)

@+ r+a) @@m-p,r+a)
Consider a free particle in one dimension
described by the wavefunction:

L= 0 —ipx
Y(x,t=0) = -

Aexp T;L + Bexp
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38.

39.

40.

The probability current density corresponding
to Y (x,t) at alater time ¢ is:

2 _ 2 2
(a)p(IAI - |B| )C°S<22:nht>

[JEST 2023]

by PUAP + 1B
m
p(JA|* = |BI?)
O
2 2 2
(d)p(IAI ;{lBl )COS<ZZ:nht>

A quantum particle moving in one dimension is
in a state having the wave function
. —ax* + bx + ipx
P (x) = sinh (Ax)exp < - >
where a, b, 4 and p are all positive real numbers.
What is the expectation value of momentum?

[JEST 2023]
(@) hd (d)p
(©b (d-p
Consider a quantum particle incident from the

left on a step potential given by V,0(x), with
energy

E(> V}); here 8(x) is the unit step function. The
scattering state of the particle is given by

[JEST]
ipx —ipx
exp%+rexp : , x<0
Y(x) = o'
texp e x>0

where p and p’ are the momenta of the particle
corresponding to the energy E. Which of the
following is true?

[JEST 2023]

(@]r|? +%|tl2 =1 OIrP+tP=1

©r[? +§|t|2 -1 @r+t=1

Consider a particle subjected to the symmetric
one-dimensional infinite square well potential:

41.

42,

L
0, |X| < E
V(x) =

o, |x|> 5
Find the time evolution of the wavefunction
Y(x, t),ifattime t = 0 the particle is prepared in
an equal superposition of the ground and the
first excited states:

(x,0) = % ($1(0) + $2())

where ¢;(x) and ¢,(x) are normalized
eigenfunctions of the ground state and the first
excited state respectively. If T is the smallest
time at which the particle is equally likely to be
in either half of the well, select the correct value

h . . .
of# where h is the Planck's constant, m is the

mass of the particle and L is the width of the well
as defined above.

[JEST 2023]
OF (b)
V3 3
1 d 4
© ¢ (@ 3
A and B are 2 X 2 Hermitian matrices. |a,) and

|a,) are two linearly independent eigenvectors
of A. Consider the following statements:

1.If |a;) and |a,) are eigenvectors of B, then
[4,B] = 0.

2If [A,B] =0, then |a;) and |a,) are
eigenvectors of B.
Mark the correct option.

[JEST 2024]

(a) Both statements 1 and 2 are true.
(b) Statement 2 is true but statement 1 is false.
(c) Statement 1 is true but statement 2 is false.
(d) Both statements 1 and 2 are false.

A particle moving in one dimension has the wave
function

L2
P(x) = exp [—a (x — llfTo) ]sin2 (k1%),

where « is real positive and kg, k; are real. The
expectation value of momentum is
[JEST 2024]

(a) hk, () 0
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43.

44,

45.

(c) 2hk, (d) hk,

A quantum particle is subjected to the potential
V(x) =ax+ bx?, where a and b are constants.
What is the mean position of the particle in the
first excited state?

[JEST 2024]
a b a
(@7 ®) 5
2 d
©-7 (@
A particle with energy E > 0 is incident from the

right (x > 0) on a one-dimensional potential
composed of a delta-function barrier at x = 0

and ahardwall atx = —a:
ad(x), x> -—a
Ve = { x < —a
where >0 and a>0. Let us define
> 2mE
‘-
and the dimensionless quantities: § = ka and
hZ
= 2maa

For some energy E the particle reflects from the
barrier without any phase shift. Which of the
following transcendental equations determines
this energy? [Note that in the presence of the
delta function barrier, the derivative of the wave

function has a discontinuity at
x=0:9'(0%) — IP(O)—IIJB()]
[JEST 2024]
(a) tan § =S¢ (b) tan &= —f¢

(o) tanh § = ¢ (d) tanh & = ¢

A quantum mechanical particle of mass m is
confined in a one dimensional infinite potential
well whose walls are located at x = 0 and x =
1. The wave function of the particle inside the
wellis (x) = M[xIn x + (1 — x)In (1 — x)] for
some normalization constant V. An
experimentalist measures the position of the
particle on an ensemble of a large number of

identical systems in the same state. The mean of
: 1 :
the outcomes is found to be - where n is an

integer. Whatisn ?
[JEST 2024]

46.

47.

48.

49,

50.

Consider a particle of mass m moving in a
three-dimensional delta-function potential well
V(#) = —ab83(#), where a > 0. Which of the
following is an allowed expression for the
energy of a bound state for some dimensionless
proportionality constant § > 0 ? [JEST 2025]

ph° ph°
b
@-—73 b) 73
fa’*m ﬂa m
(©) - (d)
Suppose the wave function of a free particle in

: : d? . :
one dimension obeys d—xlf = —41) in units where

h = 1. What is the magnitude of the momentum
of the particle? [JEST 2025]

For a particle in a one-dimensional box of width
L, the uncertainty Ap in momentum in the n-th
eigenstate of energy for large n is

[JEST 2025]
@™ by 22

2nh
(©) - (d) E

Consider the time-independent Schrodinger
equation with a real potential and suppose 1 (x)
is a solution of this equation. Which of the
following is true?

[JEST 2025]
(a) ¥* is never a solution of the same equation.

(b) Y™ is a solution of the same equation.

(c) Y™ is a solution of the same equation only if
the potential is symmetric about x = 0.

(d) y* is a solution of the same equation only if
the potential vanishes at infinity.

A quantum mechanical system is spanned by
the eigenstates |a;) and |a,) of a Hermitian
operator A with eigenvalues a, and a,
respectively. If there is no degeneracy, what is
the expectation value of the operator (4 —

a;)(A — ap) in the state '“1’—\/*5'“2) 7 [JEST 2025]

(a; —ay)(a; —ay)
2

(@

24




(b)(a; — ay)(a; — ay)

(o1

(d)0
1. b 2. d 3. ¢ 4. d 5 b
6. a 7. a 8. ¢ 9. b 10. b
11.b 12.d 13.b 14. a 15. a
16. c 17.c 18. b 19.80 | 20.b
21.d 22.b 23. ¢ 24. b 25. ¢
26. 2500 | 27.c 28.d 29.c 30.c
31.a 32.c 33.a 34. a 35.1
36.d 37.b 38.b 39.a 40.d
41. c 42. ¢ 43.d 44. b 45.
46. a 47. 2 48. a 49. b 50.d

% TIFRPYQ

1. The wave function ¥ of a quantum mechanical
system described by a Hamiltonian A can be
written as a linear combination of ®; and &,
which are the eigenfunctions of H with
eigenvalues E; and E, respectively. At t = 0, the

system is  prepared in the state

4 3
l‘po = gcbl +§(D2

and then allowed to evolve with time. The
wavefunction at time

1
T = Eh/(E1 —E;)

will be (accurate to within a phase)

[TIFR 2010]
4 3
(a)gcbl + gcbz (b) @,
4 3
(C)§‘D1 - gq’z (d) @,
3 4 3 4
(e)§‘b1 +§‘D2 6] gq’1—§q’z

2. A particle P; is confined in a one-dimensional
infinite potential well with walls at x = +1.
Another particle P, is confined in a one-
dimensional infinite potential well with walls at
x = 0,1. Comparing the two particles, one can
conclude that
(a) the no. of nodes in the n'" excited state of P;
is twice that of P,

(b) the no. of nodes in the n™ excited state of P,
is half that of P,

(c) the energy of the n' level of P, is the same as
that of P,

(d) the energy of the n™ level of P, is one quarter
of that of P, [TIFR 2010]

A particle in a one-dimensional potential has the
wavefunction
1 —|x|
P(x) = Nk (T)
where a is a constant. It follows that for a
positive constant V,, the potential V(x) =

[TIFR 2012]
(@) Vox? (b) Volx]|
() =Vod(x) » (d) =Vo/Ix]|

The strongest three lines in the emission
spectrum of an interstellar gas cloud are found
to have wavelengths 15,21, and 64,
respectively, where 4, is a known wavelength.
From this we can deduce that the radiating
particles in the cloud behave like
[TIFR 2012]

(a) free particles

(b) particles in a box
(c) harmonic oscillators
(d) rigid rotators

(e) hydrogenic atoms

In a quantum mechanical system, an observable
Ais represented by an operator A. If [1) is a state
of the system, but not an eigenstate offi, then the
quantity

r = WA — (|A%[p)

satisfies the relation

[TIFR 2013]
@r<o (b)r=0
©or>0 (dr=0

The state |¢) of a quantum mechanical system,
in a certain basis, is represented by the column
vector

25




0.

1/V2
lpy={ 0
1/V2
The operator A corresponding to a dynamical
variable A, is given, in the same basis, by the

/111
A=(1 2 1
11 2

If, now, a measurement of the variable 4 is made
on the system in the state |y), the probability
that the result will be +1 is

matrix

[TIFR 2013]

(@) 1/V2 (b) 1

(©) % (d) Ya
A particle of energy E moves in one dimension
under the influence of a potential V(x). If E >
V(x) for some range of x, which of the following
graphs can represent a bound state wave
function of the particle?

[TIFR 2013]

|"Hx) Wizl

(©

Wix) W)

(b

(d)
The probability function for a variable x which
assumes only positive values is

X
f(x) = xexp (— z)
where A > 0. The ratio (x)/X, where X is the most
probable value and (x) is the mean value of the
variable x, is

[TIFR 2014]
2 b —1
@) (b) 1—2A
—1 d) 1
© ) (d)

A particle moving in one dimension has the un-
normalized wave function

X2
PY(x) = xexp (—/1—2>

where A is a real constant. The expectation value
of its momentum is (p),

h x?
hon 5)

h
(©)7exp (=1)

[TIFR 2014]
2

b h 2 h
(d) zero

10. A particle is confined to a one-dimensional box
of length L. If a vanishingly thin but strongly
repulsive partition is introduced in the exact
centre of the box, and the particle is allowed to
come to its ground state, then the probability
density for finding the particle will appear as

[TIFR 2014]

(@) : (b)

(2

nr(xpl2

() ‘ (d)

iy 2
i )

x x

11. In a quantum mechanical system, an observable
Ais represented by an operator A. If [1) is a state
of the system, but not an eigenstate of A, then the
quantity

r = WlAlp)? — (|A%]p)

satisfies the relation [TIFR 2014]
@r<o0-» (b)r=0
(or>0 (dr=0

12. A one-dimensional box contains a particle whose
ground state energy is €. It is observed that a
small disturbance causes the particle to emit a
photon of energy hv = 8¢, after which it is
stable. Just before emission, a possible state of
the particle in terms of the energy eigenstates

{1,195, ...} would be
[TIFR 2015]

Y1~y
V2

(@)
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Yy + 293

(b) NG
© —4hs + 55
Va1

@ V2, — 36¢'z + 5Y5

13. A charged particle is in the ground state of a one-
dimensional harmonic potential,
generated by electrical means. If the power is
suddenly switched off, so that the potential
disappears, then, according to
mechanics,

oscillator

quantum

[TIFR 2015]
(a) the particle will shoot out of the well and
move out towards infinity in one of the two
possible directionas

(b) the particle will stop oscillating and as time
increases it may be found farther and farther
away from the centre of the well

(c) the particle will keep oscillating about the
same mean position but with increasing

amplitude as time increases

(d) the particle will undergo a transition to one
of the higher excited states of the harmonic
oscillator
14. Itis required to construct the quantum theory of
a particle of mass m moving in one dimension x
under the influence of a constant force F. The
characteristic length-scale in this problem is

[TIFR 2015]
- b) [ —
(@) — (b) (m F)
N mF
© (a7) @D %
15. 1000 neutral spinless particles are confined in a

one-dimensional box of length 100 nm. At a
given instant of time, if 100 of these particle have
energy 4€, and the remaining 900 have energy
225€, then the number of particles in the left
half of the box will be approximately

[TIFR 2015]
(a) 625 (b) 500
(c) 441 (d) 100
16. If x is a continuous variable which is uniformly

distributed over the real line from x = 0 to x —
o according to the distribution f(x)=
exp (—4x)
then the expectation value ofcos 4x is

[TIFR 2016]
(a) zero (b) Y2

(©) % (d) 1/16

17. A particle is confined inside a one-dimensional
potential well IV (x), as shown on the right.One of
the possible probability distributions |1(x)|? for
an energy eigenstate for this particle is

[TIFR 2016]
Vix)
£ -
(a) %, (b) ()13
4
N -'If ll'\ v / \
J N/ , S
ot X 0
(c) [, (d) g 0]
A\ A
/ '\_/x P
0 , [
¥ VAN
\J

18. A particle moving in one dimension is confined
inside arigid boxlocated between x = —a/2 and
x = a/2.If the particle is in its ground state

X
Yo(x) =./2/acos o
the quantum mechanical probability of its
having a momentum p is given by
[TIFR 2016]
8h*

2 P2
(@ (T2h% — p2a?)?

2h

Cos

b m2ht ., pa
(b) (T2h? — p2q?)? sin

2h

x
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19.

20.

21.

2h* , ba

© (m2h? + p2a?)? cos 25

d 16h*
(d) (2h2 — p2a?)?

The normalized wave function of a particle can
be written as

[ee] 1 n
Y =N () ot
n=0 \/7
where ¢,(x) are the normalized energy

eigenfunctions of a given Hamiltonian. The value
of N is [TIFR 2017]

@) y1/7 (b)+/6/7

(d) /(6 —2\7)/7

A quantum mechanical system consists of a one-

©+/3/7

dimensional infinite box, as indicated in the
figures below.

Ey

ANNNNNNNN
NSNANNNNNN

/

3 (three) identical non-interacting spin-1/2
particles, are first placed in the box, and the
ground state energy of the system is found to be
E, = 18eV. If 7 (seven) such identical particles
are placed in the box, what will be the ground
state energy, in units of eV?

[TIFR 2017]
(a)132 (b)134
(c)136 (d)122
A particle of mass m, confined to one dimension

x, is in the ground state of a harmonic oscillator

potential with a normalized wave function
1

— 2a\4 —ax?
e = () e
where a = mw/2h. Find the expectation value of
x8 in terms of the parameter a.
[TIFR 2017]

22.

23.

24.

25.

A particle is in the ground state of a cubical box
of side 4. Suddenly one side of the box changes
from £ to 4¢. If p is the probability of finding the
particle in the ground state of the new box, what
is 1000p ? [TIFR 2018]

A particle in a one-dimensional harmonic
oscillator potential is described by a wave-
function Y (x, t). If the wavefunction changes to
PY(Ax,t) then the expectation value of kinetic
energy T and the potential energy V will change,
respectively, to

[TIFR 2018]
(a) AT and V /2? (c) T/A? and A%V
(b) T/2% and V /A2 (d) 22T and A%V
Given a particle confined in a one-dimensional

box between x = —a and x = +a, a student
attempts to find the ground state by assuming a
wave-function
_ (A(a®—x?)3? for|x|<a

Y= {0 for x| > a
The ground state energy E,, is estimated by
calculating the expectation value of energy with
this trial wave-function. If E is the true ground
state energy, what is the ratio E,,, /E, ?

[TIFR 2018]

Consider the 1-D asymmetric double-well
potential I/ (x) as sketched below.

Vix)

The probability distribution p(x) of a particle in
the ground state of this potential is best

represented by [TIFR 2018]
(a) p{.\']\ (b) p(x)
/ \ /'
c] px) (d) p(x)

| iy
A JI

Ead




26. The wave-function W of a particle in a one-
dimensional harmonic oscillator potential is
given by

1\ /4 V2x x?
v=(p) (”7)'”‘?’ (‘ﬁ)

where £ = 100um. Find the expectation value of
the position x of this particle, in um. 071
[TIFR 2018]

27. A particle of mass m, moving in one dimension,
satisfies the modified Schrodinger Equation

h? d%y

Tomd T T

where u is the velocity of the substrate. If, now,

this particle is treated as a Gaussian wave packet

peaked at wavenumber k, its group velocity will

be v, = [TIFR 2019]
hk hk

(@) —u © ——u

b hk+ d ik +

B)—+u (@) —5—+u

28. A particle moving in one dimension, is placed in
an asymmetric square well potential I/(x) as
sketched below.

—a V() +a x

The probability density p(x) in the ground state
will most closely resemble

[TIFR 2019]
(a) p @ p
g
_ X X
0 —a +a 0 -a +a
1 p ) p
X x
0 —a +a 0 —a +a

29. An electron in a hydrogen atom is in a state
described by the wavefunction:

1 2
V(7)) = —=v100(X) + \/;1,[’210(55)

V10
+ E v _L ¥4
5 Y311(X) \/E¢21,—1(x)

denotes a normalized

lpn{’m(f)
wavefunction of the hydrogen atom with the
principal quantum number n, angular quantum

number ¢ and magnetic quantum number m.

where

Neglecting the spin-orbit interaction, the
expectation values of L, and L2 for this state are
[TIFR 2019]

(a) 31/10,9h2/5 (c) 3h/4,9h2/25

(b) 32/5,9A%/10 (d) 84/10,3h2/5
30. An electron is confined to a two-dimensional
square box with the following potential

={0f0r0<x<Land <0<y<l,
oo otherwise
The probability distribution of the electron in

one of its eigenstates is shown below

How many total different eigenstates of the
electron have the same energy as this state?
[TIFR 2021]

(a)4
(c)6

(b) 2
(@1

31. A particle of mass m, confined in a one-
dimensional box between x = —L and x = L, is
in its first excited quantum state. Now, a
rectangular potential barrier of height V(x) = 1
and extending from x = —a to x = a is suddenly
switched on, as shown in the figure below.

v V(x)

7
7 1

7

29




Which of the following curves most closely
represents the resulting change in average
energy 6(E) of the system when plotted as a
function of a/L, immediately after the barrier is

created? [TIFR 2021]

&{E}
@) G

[ ¥

(b) (d) o4

32. The wave function of a one-dimensional particle
of mass m is shown below. The average kinetic
energy of the particle can be written as

[TIFR 2021]
e
ey 0 Y i@ty
312 0
@) mbGatb) (b)
h? h?
(©) Zmb2 D mba+b)

33.In a one-dimensional system, the boundary
condition that the derivative of the wavefunction
' (x) should be continuous at every point is
applicable whenever
[TIFR 2021]
(a) the wavefunction Y (x) is itself continuous
everywhere.

(b) there is a bound state and the potential is
piecewise continuous.

(c) there is a bound state and the potential has
no singularity anywhere.

(d) there are bound or scattering states with
definite momentum.

34. A particle moves in one dimension x under the
influence of a potential V(x) as sketched in the
figure below. The shaded region corresponds to
infinite V, i.e, the particle is not allowed to
penetrate there.

V(x)

_V()

If there is an energy eigenvalue E = 0, then a

and V; are related by [TIFR 2022]
2
- (n + %) m? , n2m?
@ V=== =5
) (n + %) 7T2 ) nn’z
(©a Vo =— — (d)aVo =——

35. A particle is in ground state of a one-dimensional

L L .
box —;Sxs=+z The uncertainty product

AxAp

for this state satisfies [TIFR 2023]

3h 3h
(a)7 < AxAp < 2h (b)h < AxAp < >

h h
(c) 3 <AxAp <h (d) AxAp = >

36. A random positive variable x follows an
exponential distribution
p(x) « e **
with A > 0. The probability of observing an
event x > 3(x), where (x) represents the
average value of x, is [TIFR 2023]

(@1/e? (b) 1/e

(©) 1/e* (d) 1/e?

37. Consider a particle of mass m in a quartic

potential

p?

M= om

If we take a variational wavefunction
W(x, 1) = e A

with 4 > 0 and try to estimate the ground state

energy, the value of A should be chosen as

[You may use the integral

+ ax*
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+00
f dx(A + Bx? + Cx*)e "

_A\/ﬁ+3\/7+3c\/7
TN 243 4N

where 4, B, C and A > 0 are all constants.

38.

39.

40.

[TIFR 2023]
3ma\ /3 S5ma \/3
@ ( 4?2 ) (®) (3n2h2>
15may*/3 ma \1/3
© ( 8h2 ) @ (572
Consider a particle of mass m moving in a one-

dimensional potential of the form

1
a2
V(x)={2kx forx >0
0o forx <0
In a quantum mechanical treatment, what is the
ground state energy of the particle?

[TIFR 2024]
3 |k

blﬁk
()5 -
flk dsﬁk
(© - ()E -

An electron confined in a two-dimensional
square box, is in the ground state. The length of
the side

of this square is unknown, but it is seen that the
electron jumps to the first excited energy state
by absorbing electromagnetic radiation of
wavelength 4,040 nm. What is the length of one
side of the square well?

[TIFR 2024]
(@) 1.91 nm (b) 1.68 nm
(c) 2.55nm (d) 3.82 nm
Consider x and p, as the quantum mechanical

position and linear momentum operators with
eigenstates |x) and |p,) and eigenvalues x and
Py, respectively

The eigenvalue of % acting on the state|y) =
ePxa/2h|x) g [TIFR 2024]

(@ +3 (b)x -3
(©Ox+a (dx—a

41. A particle of mass m moving in 1 dimension has

42.

43.

the wavefunction

1
l/)(x) - 7_[1/4\/a
Its average kinetic energy is given by
(You might find the following integral useful:

; 227902
elpx/he x%/2a

fj;odxe‘“xz = g
fora >0)
[TIFR 2024]
pZ hZ
2m  4a®m

o)

2m

€Y

(b)

2 hZ

5+

ph
4a’m  2ma

The un-normalized energy eigenfunction of a
one-dimensional simple quantum harmonic
oscillator in dimensionless units (m = A =w =
1)is
Ya(0) = (22° — 30)e™*/2

Which of the following are two other (un-
normalized) eigenfunctions which are closest in
energy to Y, ? [TIFR 2024]

(@) (2x% — e *°/2; (4x* — 12x% + 3)e~*/2
(b) e™*/%; (2x% — 1)e™*"/2
(©) xe™**/2; (4x5 — 20x3 + 15x)e~*"/2

(d) (2x2 — 1)e™"/2; (4x5 + 20x3 +
15x)e~*"/2

Consider a free-particle in 3 spatial dimensions

described by the Hamiltonian
2

g=P_

2m
It is initially in a state described by a

normalized wavefunction
3/4

Y 2
t=0)=(= yre/2
pre=0=(7) e
What is the probability density of finding the
particle with energy E at time t ?
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(Hint: Express the wavefunction in momentum
space.)
(The following integral might be useful:

[TIFR 2024]

1 e—kz/(zm_)

o 1,
f_oo dx e lkxe yxe/2 —

V2m VY

(a) (yrr) 3/2\/—Ee —2mE/(yh"2)

() T (ymy 212 /—ZThe—ZmE/wm

1/2,

—2mE/(yh"2)

o2 Jl_(m

( )2 = (]/TT) 1 —ZmE/(yh"Z)

44, Consider a free-particle in 3 spatial dimensions

described by the Hamiltonian

A2
n=

2m
It is initially in a state described by a

normalized wavefunction

pa,e=0) = (1)
What is the probability density of finding the
particle with energy E at time ¢ ?
(Hint: Express the wavefunction in momentum
space.)
(The following integral might be useful:

o 1 . 2 1 2
f+ dx_e_lkxe_yx /2 = —e_k /(ZY))
— 00 ,

21 NG

3/4
/ e—yr2/2

[TIFR 2025]
(]/7'[)_3/2\/m€ —2mE/(yh2)

4mtm

m 2mh
-3/2 —2mE/(yh"2)
(ym) / —e

4
®) 3

—2mE/(yh"2)

() ——=(ym)"V?e

1
\/_

2T
( ) =3 (]/T[) 1 —2mE/(yh/‘2)

Answer Key

o

41.

®
0‘0

2. 3. 4. d 5 a
d 7. a 8. a 9. d 10. a
.C 12. - 13. - 14. b 15.b
c 17.a 18. - 19.b 20. a
22, - 23.a 24.15 25.c
.0.71 27.a 28. a 29.d 30. a
.a 32.a 33.a 34. a 35. ¢
.a 37.a 38.a 39.a 40.b
a 42. a 43. a 44. a
Q.21. Ans = 105/(256*a"4)
JAM PYQ'’s
Electrons of energy E coming from x = —oo

1.

impinge upon a potential barrier of width 2a and
height V;, centered at the origin with I/; > E, as

shown in  the = figure  below. Let
_N2m(V, —E)
- h

In the region —a < x < a, the electrons is a
linear combination of

[JAM 2006]
4V

—d a "X

) &% el o= (b) e** and e k¥

(@) &% emgl @ (d) e** and e**
The wave function of a quantum mechanical
particle is given by

Y = 2010 +502(1)
where ¢, (x) and ¢, (x) are elgenfunctions with
corresponding energy eigenvalues -1 eV and -2
eV, respectively. The energy of the particle in the
state i is

[JAM 2011]
(a) —_— eV (b) _Tll eV
-7
(C) o eV (d) ? eV

Four particles of mass m each are inside a two
dimensional square box of side L. If each state
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6.

obtained from the solution of the Schrodinger

equation is occupied by only one particle, the
. . . h? .
minimum energy of the system in units of ——ls

[JAM 2011]

(a)2 (b)2

11 25
© (D)~
A particle with energy E is incident on a
potential given by
0, x<0

Vi) = {Vo, x>0
The wave function of the particle for E <V} in
the region x > 0 (in terms of positive constants
A,Bandk)is

[JAM 2015]
(a) Ae®* + Be~k* (b) Ae~Hx
(c) Ae™* 4+ Be~tk* (d) Zero

A particle is moving in a two dimensional

potential well
(0, 0=sx=<L0=<sy=<?2L
Veoy) = {00, elsewhere
which of the following statements about the
ground state energy E; and ground state
eigenfunction ¢ are true?

[JAM 2015]
h?m?
E, =

(a) 1 ml2
DE. = 5h?m?
(b)E, = 8mlL2

N2 mx my
()@ = I sin I sin 5L

d V2 X Ty
(D, = [ COs 7-cos

A particle is confined in a one dimensional box
with impenetrable walls at x = +a. Its energy
eigenvalue is 2 eV and the corresponding
eigenfunction is as below.
The lowest possible energy of the particle is
JAM]

1 1 |
—a (}U—a

shown

(@) 4ev (b) 2eV

(c)1lev (d) 0.5eV
A free particle of energy E collides with a one-
dimensional square potential barrier of height V
and width W. Which one of the following
statement(s) is/are correct?

[JAM]
(a) For E > V, the transmission coefficient for
the particle across the barrier will always be

unity

(b) For E <V, the transmission coefficient
changes more rapidly with W than with V

(c) For E <V, if V is doubled, the transmission
coefficient will also be doubled.

(d) Sum of the reflection and the transmission
coefficients is always one

A particle of mass m is placed in a three-
dimensional cubic box of side a. What is the
degeneracy of its energy level with energy

h?m?
14 ?
<2ma2>

(Express your answer as an integer)

JAM]

A particle of mass m is in a one dimensional
0, 0<x<L

V(x) = {oo, otherwise ’

At some instant its wave function is given by

potential

V3

, where 1, (x) and ¥, (x) are the ground and the
first excited states, respectively. Identify the

1 2
P(x) = —31/J1(X) + iﬁl/)z(x)

correct statement. [JAM]
L £y = h? 3m?

DY) = 2L Y = h? m?

(b)) = 3 (E) = 5——
L Y = h? 8m?

©00) =3B = 5=
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10.

11.

12.

13.

2L h2 472
(d)(x) = 3 (E) = 32

Given the wave function of a particle

PY(x) = \/%sin (%x)O <x<L

and 0 elsewhere the probability of finding the
particle between x =0 and x :% is

(Round off to 1 decimal places) [JAM]
If the ground state energy of a particle in an
infinite potential well of width L, is equal to the
energy of the second excited state in another
infinite potential well of width L., then the ratio

2—1 is equal to JAM]
2

@1 (b) 1/3

(©)1/¥3 (d)1/9

Consider a particle trapped in a three-

dimensional potential well such that U(x, y, z) =
0 for 0<x<a0<y<aq0<z<a and
U(x,y,z) = o everywhere else. The degeneracy
of the 5" excited state is

JAM]
@1 (b) 3

(©)6 )9

Consider a quantum particle trapped in a one-
dimensional potential well in the region

[-L/2 < x < L/2], with infinitely high barriers
atx = —L/2 and x = L/2. The stationary wave
function for the ground state is

Y(x) = \[%cos (%)

. The uncertainties in momentum and position
satisfy
DAM]

wh
(a)Ap = Tand Ax =0

®ap = 2™ and 0 < ax < -
= ——4an X ——
P=1 2V3

© ap = andax > -
C = —dan X e
P=T 2V3

L
(d)Ap = 0and Ax = >

14. A particle of mass m is in an infinite square well
potential of length L. It is in a superposed state
of the first two energy eigenstates, as given by

1 2
¢(x)=ﬁ ¢n=1(X)+£¢n=z(X)

. Identify the correct statement(s). h is Planck's

constant. [JAM]
(@)(p) =0 (b)Ap = %
(e)(E) = Sh (d)Ax =0
8mlL?
15. Consider the motion of a quantum particle of

mass m and energy E under the influence of a
step potential of height V,. If R denotes the
reflection coefficient, which one of the following
statements is true? [JAM]

V.

L]

4 4
(@IfE = 3Vo R =1 (b)E =V, R =0

1 1
(©F =5Vo,R =1 () E =5Vo,R=05

16. A linear operator O acts on two orthonormal
states of a system 1, and Y, as per following:

A " 1
0y =15, 09, = ﬁ(l/h +13)

The system is in a superposed state defined by

1 [
Y =ﬁ¢1 +ﬁ¢2

The expectation value of O in the state ¥ is
(a) ! (1+i(V2+1))
a)—— i

2v2

1
(0) 5= (1~ (V2 +1))

1 .
(C)ﬁ(l +i(V2 - 1))

1 ,
(d)m(l —i(V2-1))
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17. For a quantum particle confined inside a cubic
box of side L, the ground state energy is given by
E,. The energy of the first excited state is

(a) 2E, (b) V2E,

(o) 3E, (d) 6E,

18. A particle moving along the x-axis approaches
x =0 from x = —oo with a total energy E. It is
subjected to a potential V(x). For time t — oo,
the probability density P(x) of the particle is

schematically = shown in the figure.

E
Pl x)

O O
J| |I |||| fl |
h | II I| II | lll

i
v
> X

0

A V(x B V(x)
() v ®
V, ¥
_____________________ E RO
0 a X 0 nX
© Vi (D) V(x)
A &
--------------------- E PR
¥ £
¥
0 T x P 2 > x

19. A one-dimensional infinite square-well potential
is given by:

a a
V(x) =0for —§<x<+—

2
= oo elsewhere

Let E,(x) and ¥, (x) be the ground state energy
and the corresponding wave function,
respectively, if an electron (e) is trapped in that
well. Similarly, let E,(x) and ,(x) be the
corresponding quantities, if a muon (u) is
trapped in the well. Choose the correct option:

(A)

¥ix)

D)

V(%)

and

Answer Key ‘

2. a
7. bd
12. ¢
17. a

3. b
8. 6
13.b
18. c

4. b
9. a
14. abc
19.c

5. bc
10. 0.5
15. ¢
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Quantum Mechanics: Angular Momentum

% CSIR-NET PYQ’s

1. Let W,,, denote the eigenfunctions of a
Hamiltonian for a spherically symmetric
potential V(r). The wavefunction

1
Y= Z [Wy10 + V5Wo1 4 + VI0W), 5]

is an eigenfunction only of
[CSIR JUNE 2012]
(a)H,L?and L, (b) Hand L,

(c) H and L? (d) L?and L,

2. The un-normalized wavefunction of a particle in
a spherically symmetric potential is given by
Y(t) = zf(r) where f(r) is a function of the radial
variable r. The eigenvalue of the operator [?
(namely the square of the orbital angular
momentum) is

[CSIR JUNE 2013]
(a) h?/4 (b) h?/2
(c) h? (d) 2h?
3. If Ypum denotes the eigenfunction of the

Hamiltonian with a potential V = V(r) then the
expectation value of the operator L% + L3, in the
state

1
Y = A [3¢211 + Y3210 — \/E¢21—1]
is
[CSIR JUNE 2013]
(a) 39h2 /25 (b) 13h2/25

(c) 2h? (d) 26h2/25

4, Let lpmim
Hamiltonian for a spherically symmetric
potential V (r). The expectation value of L, in the
state

1
Y = 5 [lpzoo + V5,10 + V109Py 4 + mlpzn]

1S

denote the eigenfunctions of a

[CSIR DEC 2013]
5 5
h d > h
© D 75

5 A moves in a

2
z
V=xtty'+=
Which component (s) of the angular momentum
is / are constant (s) of motion?
[CSIR DEC 2013]

(b) Ly, Ly and L,

particle potential

(a) none

(c) only Ly and Ly (d) only L,

6. The expectation value of the x-component of the
orbital angular momentum L, in the state

1
Y = 3 [31/)2,1,—1 + \/§¢2,1,0 - \/ﬁlpz,1,+1]

(where Yy are the eigenfunctions in usual
notation), is

[CSIR DEC 2013]
V10

(a)—? V11 -3) (b) 0

© h;/;_o (V11 +3) (d) i2

7. A particle is prepared in a simultaneous
eigenstate of L? and L 2. If £(£ + 1)h? and mh are
respectively the eigenvalues of L? and L,, then
the expectation value (L2) of the particle in this
state satisfies

[CSIR DEC 2013]

(@(L3)=0
(b) 0 < (L2) < ¢2h?

(©0 < (12) < @

2 2
@5 =z

8. Consider the normalized wavefunction ¢ =
a1P11 + P10 +azPp;1 where Ping is a
simultaneous normalized eigenfunction of the
angular momentum operators L? and L,, with
eigenvalues (I + 1)h? and mh respectively. If ¢
is an eigenfunction of the operator L, with
eigenvalue h, then

[CSIR DEC 2014]

@a; =—az3=5,a;, =

N =

L
V2
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10.

11.

12.

b _ _1 _ 1
()al_a3_2'a2_ﬁ
_ _1 _ 1
(C)al - a3 - 2'a2 - \/E
(d) L
A1 = Ao = Ar =
1 2 3 73

If L; are the components of the angular

momentum operator L, then the operator )i =
1,23([L, L], Li | equals

[CSIR JUNE 2015]
(@L (b) 2L
(¢)3L (d)-L
Let Yq,, denote the eigenstates of a hydrogen
atom in the wusual notation. The state

1
A [21,0200 —3Yy11 + V7P210 — \/§¢21—1]
is an eigenstate of

[CSIR DEC 2015]
(a) L?, but not of the Hamiltonian or L,

(c) the Hamiltonian, L? and L,
(b) the Hamiltonian, but not of L? or L,
(d) L? and L,, but not of the Hamiltonian

The product of the uncertainties (AL,) (ALy) for
a particle in the state a|1,1) + b|1, —1) (where
|l, m) denotes an eigenstate of L? and L,) will be
a minimum for

[CSIR DEC 2015]

(@) a=4=ib (b)a=0andb =1

(c)a=§andb=1 (da=+b

2

If Ex,ﬁy and L, are the components of the

angular momentum operator in three
dimensions, the commutator [Lx, LxLyLZ] may

be simplified to

-13)

[CSIR JUNE 2016]

() ihLy (L2 (b) ihL,L, L,

(c) ihL;(2L% — 12) (d)o

13. A particle moving in a central potential is
described by a wavefunction ¥(r) = zf(r),
where r = (x, y, z) is the position vector of the
particle and f(r) is a function of r, r |. If L is the
total angular momentum of the particle, the
value of L? must be

[CSIR JUNE 2019]
(a) 2h? (b) h?
3
(c)4h? (d) 2 n?
14. The normalized wavefunction of a particle in

three-dimensions is given by
Y(x,y,2z) = Nzexp [-a(x? + y? + z2)]
where a is a positive constant and N is a
normalization constant. If L is the angular
momentum operator, the eigenvalues, of L? and
L,, respectively, are
[CSIR DEC 2019]
(a) 2h?and h (b) A2 and 0

(c) 2h% and 0 (d)>h?andh

15. The wavefunction of a particle of mass m,
constrained to move on a circle of unit radius
centered at the origin in the xy-plane, is
described by ¥(¢) = Acos? ¢, where ¢ is the
azimuthal angle. All the possible outcomes of
measurements of the z-component of the
angular momentum L, in this state, in units of h,

are

[CSIR DEC 2019]
(a)x1landO (b) +£1
(c) £2 (d)+2and 0

16. An angular momentum eigenstate [j,0) is
rotated by an infinitesimally small angle € about
the positive y-axis in the counter clockwise
direction. The rotated state, to order ¢ (upto a
normalization constant), is

[CSIR JUNE 2020]

@1,0) = 5G + D 1 + 1, ~1)

1), 0) = 57 + DU, 1) = 1, 1)
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17.

18.

19.

20.

©,0) = 5/5G = DU, 1 = 1/, ~1)

(@ 1,0) =37 + DU, 1) = 57G = Dlj,—1)

If we take the nuclear spin I into account, the
total angular momentum is F=L+S+ f,where
L and S are the orbital and spin angular
momenta of the electron. The Hamiltonian of the
hydrogen atom is corrected by the additional
interaction Al - (Z + §), where A>0 is a
constant. The total angular momentum quantum
number F of the p - orbital state with the lowest
energy is

[CSIR JUNE 2020]
(@0 ()1
(©)1/2 (d) 3/2
The value of (L, 2) in the state |@) for which

Ly %|p) = 6h%|p) and L,|@) = 2h|¢) is

[CSIR JUNE 2023]
@0 (b) 4h?
(c) 2h? (d) h?
The Schrodinger wave function for a stationary

state of an atom in spherical polar coordinates
(r,8,¢)is

Y = Af (r)sin Ocos fe'?
where A is the normalization constant. The
eigenvalue of L, for this state is

[CSIR DEC 2023]
(a)2n (b)h
(©)—2h (d)—nh
The normalized wave function of an electron is

R 3, 5 .
Y(@) = R(r) ng @, 9)x-+ §Y1 @, 0)x+|

where Y™ are the normalized spherical

harmonics and y,denote the wavefunction for
: o 1

the two spin states with eigenvalues iEh' The

expectation value of the z component of the total

angular momentum in the above state is
[CSIR DEC 2023]

3 3
@—3h OF

21.

22.

y

24.

25.

0 h d 0 h
© -3 @
The Hamiltonian for two particles with angular
momentum quantum numbers [; =1, = 1,is

A =L+ 12) Lo = (Ear + 1))

If the operator for the total angular momentum
is given by L = L; + L,, then the possible energy
eigenvalues for states with [ = 2, (where the
eigenvalues of L2 are [(I + 1)h?) are

[CSIR DEC 2023]
(a)3¢, 2¢,—¢ (b)6e€, 5¢, 2¢
(©)3€, 2¢,€ (d)—3€,—2¢,€
If L is the orbital angular momentum operator

and ¢ are the Pauli matrices, which of the

following operators commutes with & - L?

[CSIR JUNE 2024]
I-23 DL 425
@L=-50 (b)L +77
(©L + hé (d) L — hé

A quantum mechanical system is in the angular
momentum state |l = 4,1, = 4). The uncertainty

in L, is [CSIR JUNE 2024]
(@2 (b)2h

(©)0 (dDh

Which of the following two physical quantities

cannot be measured simultaneously with
arbitrary accuracy for the motion of a quantum
particle in three dimensions?

[CSIR JUNE 2021]

(a) square of the radial position and z-
component of angular momentum (2 and L,)

(b) x-components of linear and angular
momenta (p, and L,)

(c) y-component of position and z-component
of angular momentum (y and L, )

(d) squares of the magnitudes of the linear and
angular momenta ( p? and L?)

The constant B which makes e=%** an
2
eigenfunction of the operator (% — sz) is
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(a)4a? (b)o

(c)2a (D1

.If L is the angular momentum operator for a

quantum particle, then LxLis

CSIR DEC 2025
(a)h? (b) — ihL
(©)0 (d) iAL

. For a particle in the angular momentum state
|l = 4, m; = 2), the expectation value of the

operator Ly L, is CSIR DEC 2025
(a)—h? (b)h?
(c)—ih? (d)in?

GATE PYQ’s
Let L = (Lx,Ly,Lz) denote the orbital angular
momentum operators of a particle and let L, =
Ly +iLy and L_ = L, — iL,,. The particle is in an
eigenstate of L? and L, eigenvalues A%£(¢ + 1)
and A respectively. The expectation value of
L, L_in this state is

[GATE 2001]
(a) ¥h? (b) 2¢h?

(©0 (d) ¢h

The Hamiltonian of a particle is given by
2
p - S>INT O
H=—+V + d(+|rPDL - S
S V(D + G CHFD
where S is angular momentum. The Hamiltonian
does NOT commute with

[GATE 2004]
@L+S (b) §2

(©) L, (d) L

The commutator, [L,, Y;;, (6, ¢)], where L, is the
z-component of the orbital angular momentum

and Y, (8, ) is a spherical harmonic, is
[GATE 2005]

@ I+ DhYm(8,¢) (b)) —mhY;n (6, ¢)

(c) mhYm (6, ¢) (d) +1nYm (6, $)

4. Consider the combined system of proton and

electron in the hydrogen atom in its (electronic)
ground state. Let | denote the quantum number
associated with the total angular momentum
and let (Wt) denote the magnitude of the
expectation value of the net magnetic moment in
the state. Which of the following pairs
represents a possible state of the system ( ug in
Bohr magneton)?
[GATE 2008]

@l=0,(m)y=0

(b)I=1/2,(m) = 1ug

(©1=1,(m) = lup

(d)1=0,{m) = 2ug

If Ly,L, and L, are respectively the x,y and z
components of angular momentum operator L,
the commutator [LxLy, LZ] is

[GATE 2011]
(a) ih(L% + 13) (b) 2ihL,
(0) ih(L3 - L3) (d) zero

An atom with one outer electron having orbital
angular momentum [ is placed in a weak
magnetic field. The number of energy levels into
which the higher total angular momentum state
splits, is

[GATE 2011]
@2l+2 (b) 2l +1
(c) 21 (d2i-1

Which one of the following commutation
relations is not correct? Here symbols have their
usual meanings.

[GATE 2013]
@) [L%L,] =0 (®) [Ly, Ly] = ihL,

(C) [LZﬁL+] = 1;1L+ (d) [LZIL—] =hL_

If L is the orbital angular momentum and S is the

spin angular momentum then L-S does not
commute with

[GATE 2014]
@S, (b)




0.

10.

11.

12.

13.

14.

(c) §2 (d) (L +S$)?

A hydrogen atom is in the state

8 3 4
Y= ﬁlpzoo— 7‘1}310"' Hqﬁzp

Where n,l,m in ¥,;,, denote the principal,
orbital and magnetic quantum numbers,
respectively. If L is the angular momentum
operator, the average value of L? is
h2.

[GATE 2014]

If Liand L_are angular momentum ladder
operators, then the expectation value of (L4 L_ +
L_L,)in the state |l =1,m =1) of an atom
iSiviernnn h?.

[GATE 2014]

Let |I,m) be the simultaneous eigenstates of L2
and L,. Here L is the angular momentum
operator with Cartesian components ( Ly, Ly, L,
), L is the angular momentum quantum number
and m is the azimuthal quantum number. The

value of (1,0|(Ly + iLy)|1,—1) is

[GATE 2016]
(@0 (b) h
(c) V2h (d) V3h

. . g A&
Particle A with angular momentum j = ps decays

into two particles B and C with angular

momenta j; and j,, respectively. If
11
2 —all1 —
2'2>A /L) © 2’2>C
the value of « is
[GATE 2020]

An electron in a hydrogen atom is in the state
n=3,l=2m=-2. Let f,y denote the y-
component of the orbital angular momentum
operator. If (Aﬁy)z = ah?, the value of a is
[GATE 2020]

From the pairs of operators given below, identify
Here | and j
correspond to the orbital angular momentum

the ones which commute.

and the total angular momentum, respectively.

15.

16.

17.

[GATE 2022]

(@) 1?,j? () j%Jz
©Jj31, ISP
H is the Hamiltonian, L the orbital angular

momentum and L, is the z-component of L. The
1s state of the hydrogen atom in the non-
relativistic formalism is an eigen function of
which one of the following sets of operators?
[GATE 2023]

(a)H,L?and L, (b)H,L, L% and L,

(c) L? and L, only (d) H and L, only
The commutator [L,, y], where L, is the x-
component of the angular momentum operator
and y is the y component of the position

operator, is equal to [GATE 2006]
@ao (b) iAx

(c) ihy (d) ihz

Let L and p be the angular and linear

momentum operators; respectively for a
particle. The commentator [L,, p, | gives

[GATE 2015]
(a) —ihp, (b) 0
() ihp, (d) ihp,
JEST PYQ’s

If Jx, ]y, are angular momentum operators, the
eigenvalues of the operator (]x + ]y)/h are

[JEST 2013]
(a) real and discrete with rational spacing

(b) real and discrete with irrational spacing

(c) real and continuous

(d) not all real

Suppose a spin 1/2 particle is in the state,

114
W ==

component of the spin angular momentum
operator) is measured what is the probability of

| 165 Cx

getting + Z ?
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3.

4,

5.

[JEST 2014]
1 2
(€Y (b) 3
5 1
©z (d)=
A spin 1/2 particles is in a state W% where | T

) and | l) are the eigenstate of S, operator. The

expectation value of the spin angular
momentum measured along x direction is:
[JEST 2016]
(@ h (b) —h
h
(©) 0 Ok

A quantum particle of mass m is moving in a
horizontal circular path of radius a. The particle
is prepared in a quantum state described by the

wave function [JEST 2018]

_ |4 2
P = gcos o,

¢ being the azimuthal angle. If a measurement
of the z-component of orbital angular
momentum of the particle is carried out, the
possible outcomes and the corresponding
probabilities are
[JEST 2018]

(@ L, =0,xh £+ 2Awith P(0) = 1/5,P(th) =
1/5and P(£2h) = 1/5

(b) L, = 0, with P(0) = 1

(¢) L, = 0, +h with P(0) = 1/3 and P(£h) =
1/3

(d) L, = 0, +2k with P(0) = 2/3 and
P(+2h) = 1/6

A particle in a spherically symmetric potential is

known to be in an eigenstate of L% and L, with
eigenvalues 1(1+ 1)A% and mh, respectively.
What is the value of (1, m|L%|1,m)?

[JEST 2020]
2

(a)h?(l2 +1+m?) (b) A%2(1%2 + 1 —m?)

h? h?
(c)7(12+1—m2) (d)7(12+1—m2)

The wave function of a particle subjected to a
spherically symmetric potential V() is given by

Y(@) = (x—y+2z)f(r). Which one of the
following statements is true about y(7) ?

[JEST 2020]
(a) Itis an eigenfunction of L2 with1 =0
(b) It is an eigenfunction of L? with [ = 1
(c) Itis an eigenfunction of L2 with 1 = 2

(d) Itis not an eigenfunction of L2

If L is the angular momentum operator in

quantum mechanics, the value of L x L will be

[JEST 2021]
(@0 (b) ihL
© IL] (d) AL
Two classical particles moving in three

dimensions interact via the potential
V= K[(f +y7) + (65 +y3) + (21 — 22)°],
where K is a constant, and (xq,y;,7;) and
(x4,y2,2) are the Cartesian coordinates of the
two particles. Let (pf,py, p?) and (p3,py, p%) be
the components of the linear momenta of the
two particles, and (L’{, L{, {) and (Lx, L32', %) the
components of the corresponding angular
moment(a) Which of the following statements is
true?

[JEST 2024]
(a) LF, L3, and (pf + p3) are conserve(d)

(b) L5 and L% are not separately conserved but
L% + L% is conserve(d)

(o) (LY + L), (LY + L), (L% + L%) are
conserve(d)

(d) (LY + L%) and (L} + L) are conserve(d)

1/2
Consider the state [ 1/2

1/V2
angular momentum ! = 1 in the L, basis of states
withm = 41,0, —1.If L% is measured in this state
yielding a result 1, what is the state after the
measurement

corresponding to the
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10.

11.

[JEST 2013]
1 1/V3
(a) <0) OIK
0 J2/3
0 1/V2
© (0> @ylo
1 1/V2

Consider an eigenstate of I? and L, operator
denoted by |1,m). Let A =#A-L denote an
operator, where 7 is a unit vector parametrized
in terms of two angles as (nynyn,)=
(sin Bcos ¢, sin ¢, cos 8). The width AAin |l,m)
state is:

a) ’whcos 0
) fw HSih @

(© JI(l+ 1) —m?hsin 6

[JEST 2014]

(d) Il + 1) —m?hcos 6

If Yy = \/% (Y, — Y5 —5) where Y; ,, are spherical

harmonics, then which of the following is true?
[JEST 2016]
(a) Yy, is an eigen function of both L? and L,

(b) Yy, is an eigen function of L but not L,
(¢) Yy, is an eigen function both of L, but not L2

(d) Yy, is not an eigen function of either L2 and
LZ

TIFR PYQ's
Arigid rotator is in a quantum state described by
the wavefunction

’ 3
Y, p) = Esin Osin ¢

where 6 and ¢ are the usual polar angles. If two
successive measurements of L, are made on this
rotator, the probability that the
measurement will yield the value +# is

second

[TIFR 2014]
(a) 0.25 (b) 0.33

(c)0.5 (d) negligible

An rigid rotator has the wave function
¥(0,9) = N[2iY10(6,9) + (2 + DY, 1(6, )

+3iY11(0, 9)]
where Y;,,(6,9) are the spherical harmonics,

and N is a normalization constant. If L is the
orbital angular momentum operator, and L, =
Ly t iL, the expectation value of L, L_is

[TIFR 2015]
(a) 21K2%/9 (b) 23h2/9

(c) 25h%/9 (@o

A quantum mechanical plane rotator consists of
two rigidly connected particles of mass m and
connected by a massless rod of length d is
rotating in the x — y plane about their centre of
mass. Suppose that the initial state of the rotor is
given by (@, t = 0) = Acos? ¢,

where ¢ is the angle between one mass and the
x axis, while 4 is a normalization constant. Find
the expectation value of 3ﬁ§ in this state, in units
of h2.

[TIFR 2016]

The wave function of a particle subjected to a
three-dimensional spherically
potential V() is given by

YE) = (x +y +32)f (1)

The expectation value for the operator L? for this

symmetric

state is [TIFR 2020]
(a) h? (b) 22
(c) 5k (d) 11h2

The momentum operator ih%

acts on a wavefunction 1 (x). This operator is
[TIFR 2020]
(a) provided the wavefunction Y(x) is
normalized

Hermitian

(b) provided the wavefunction (x) and
derivate Y’ (x) are continuous everywhere
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6.

(¢) provided the wavefunction (x) vanishes as
X — oo

(d) by its very definition

A quantum-mechanical state of a particle, with
Cartesian coordinates x, y and z, is described by

the normalized wave function
5/2

Yy, 2) = N
Vi

For this state what are the angular quantum
number £, L? and L, respectively?

[TIFR 2024]
(b)0;0;0
(d) 1;2h%;0

€)) 2: 6% 0
(0 1;2h%: h

In a matrix mechanics formulation, a spin-1
particle has angular momentum components

hO 1 —1 hz 0 0
0 Lz=§0—1 -1

Le==1 2
—2 0 -1 -1

2
-1 0
It follows that L, =

0 —i i
@z i o —iﬁ)
i V2

[TIFR 2022]

0

—i
0 i =i
OF A7
i —iv2 0
0 V2 0
©V2r|y2 1 0
0 0 -1

0 —V2 o
() V2h| 2 -1 0
o 0 1

% Answers key

CSIR-NET
1. c 2. d 3. d 4. d 5 d
6. a 7. d 8. b 9. b 10. b
11.d 12.a 13.a 14. c 15.d
16. b 17.d 18. d 19.b 20.b
21.a 22.b 23.a 24. c 25. a
26.d 27.d
GATE
1. b 2. a 3. c 4. b 5. ¢
6. a 7. d 8. d 9. 2 10. 2
11. c 12. 1 13.1 14.abd @ 15.a
16. d 17.d
JEST
1. a 2. C 3. d 4. d 5. d
6. b 7. b 8. a 9. b 10. b
11. b
TIFR
1. c 2. b 3. 004 4. b 5 ¢
6. d 7. b
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Quantum Mechanics: Harmonic Oscillator

CSIR-NET PYQ’s
The energy of the first excited quantum state of
a particle in the two-dimensional potential

1
V(ix,y) = Ema)z(xz + 4y?)

is:

[CSIR DEC 2011]
() 2hw (b)3hw
3h d Sh
(©) ho (@) 5 ho
Let [0) and |1) denote the normalized

eigenstates corresponding to the ground and
first excited state of a one-dimensional harmonic
oscillator. The uncertainty Ap in the state

1 .
—=(10) + 1)), is:
[CSIR DEC 2011]

(b) Ap = \/Aimw/2
(d) Ap = V2himw

(@) Ap = Vvhimw/2
(c) Ap = VAimw

Two identical bosons of mass m are placed in a
one-dimensional potential

1
V(x) = Ema)zxz

The bosons interact via a weak potential,
Vi = Voexp [-mQ(x; — x5)?/4h]

where x; and x, denote coordinates of the

particles. Given that the

ground state wavefunction of the harmonic

Oscillator is

1 2
mw\z _Mwx
Yol = (=) e 2

The ground state energy of the two-boson

system, to the first order in Vy, is:
[CSIR JUNE 2013]
(@) hw + 2V,

b)A +V°Q
(D)o +—=

-1/2

(©hw + V, (1 + %>

(Dho + Vo (1+ %)

Consider the normalized state |) of a particle in
a one-dimensional harmonic oscillator: |y) =

5.

6.

b1|0) + b,|1) where |0) and |1) denote the
ground and first excited states respectively, and
b, and b, are real constants. The expectation
value of the displacement x in the state |y) will
be a minimum when

[CSIR JUNE 2013]
1
(@b, =0,(b; =1) (b)b, = ﬁbl
1
()b, = 2 by (d)b, = —by

A particle of mass m in the potential

1
V(x,y) = Emw2(4x2 +y2),

is in an eigenstate of energy E =§hw. The

corresponding un-normalized eigenfunction is
[CSIR JUNE 2014]

(@)yexp [~ (2x% +y7)]
(b)xexp —% (2x? + yz)]
(yexp [~ G +72)]

(Dayexp [~ 5= G +52)]

A particle of mass m is in a potential
V = —mw?x?

where w is a constant. Let

o [T (e, PP
4= 2h (x * ma))
In the Heisenberg picture % is given by
[CSIR JUNE 2015]
(@) wa (b) —iwa
(0) watt (d) iwat

Let a = \/—g(x +ip) and af = \/%(x — ip) be the
lowering and raising operators of a simple
harmonic oscillator in units where the mass,
angular frequency and h have been set to unity.
If |0) is the ground state of the oscillator and 1 is
a complex constant, the expectation value of
(Y|x|y) in the state |P) = exp (/'laJr — A*a)|0), is
[CSIR DEC 2016]

4z




10.

11.

@141

/ 1
(b) [141% + T

1 1
O)—@A- d =@QA+21
© \/Ei( ) (d) ﬁ( )
If the root-mean-squared momentum of a
particle in the ground state of a one-dimensional
simple harmonic potential is p,, then its root-
mean-squared momentum in the first excited

state is
[CSIR JUNE 2017]

(@) poV2 (b) poV3
© Pom (d) Pom

The state vector of a one-dimensional simple
harmonic oscillator of angular frequency w, at
time t=0, is by

1
[¥(0)) = E[IO) +12)]

where |0) and |2) are the normalized ground
state and the second excited state, respectively.
The minimum time ¢ after which the state vector
| (t)) is orthogonal to |(0)), is

given

[CSIR DEC 2017]
T 21
@ o (b) o
T 41
© - (d) o

The product AxAp of uncertainties in the
position and momentum of a simple larmonic
oscillator of mass m and angular frequency w in
the ground state |0), is #2/2. The value of the
product AxAp in the state e=P/1|0), where [ is a
constant and p is the momentum operator) is

[CSIR DEC 2018]
h [mwl? b A
@5 | (b)
fl 2
© 0 (d) ——r

The ground state energy of an anisotropic
harmonic oscillator described by the potential
V(x,y,2) = %ma)zx2 + 2mw?y? + 8mw?z? (in
units of hw ) is

[CSIR DEC 2018]

(@) 5/2 () 7/2

(©)3/2 (d)1/2

12. The operator A = Y5_o|n + 1)(n| is defined in
terms of the eigenstates |n) of the number
operator of the simple
harmonic oscillator. Which of the following
relations is obeyed by A and its hermitian
conjugate A" ? (In the following 1 is the identity
operator).

[CSIR DEC 2019]
(a)ATA=1and 44T =1

(b) ATA = 1but AAT # 1
(c)ATA # 1and AA* =1
(d) ATA # 1and AAT # 1

13. Let |n) denote the energy eigenstates of a
particle in a one-dimensional simple harmonic
potential

1
V(x) = Emwzxz

If the particle is initially prepared in the state

[Y(t =0))= \EQO) + [1)), the minimum time

after which the oscillator will be found in the
same state is

[CSIR JUNE 2020]
(@) 3n/(2w) (b) /w
() 1/ (2w) (d) 2n/w

14. A pendulum executes small oscillations between
angles +6, and —6,. If 7(6)d#0 is the time spent
between 6 and 6 +d6f, then t(6) is best
represented by

[CSIR JUNE 2020]

(d)
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15.

16.

17.

18.

19.

A particle of mass m in one dimension is in the
ground state of a simple harmonic oscillator

described by a Hamiltonian
2
_Pp 1 2,2
H= m + me x

in the standard notation. An impulsive force at
time t = 0 suddenly imparts a momentum p, =
vVhAmo to it. The probability that the particle
remains in the original ground state is

[CSIR FEB 2022]
(@)e™? (b) e73/?
(et (d) e™/?
In terms of a complete set of orthonormal basis

kets |n),n = 0, +1, &2, -+, the Hamiltonianis H =
2n (E[n}n| + €[n + 1)n| + €[n}n + 1])
where E and € are constants. The state |@) =
Y., e'™®|n) is an eigenstate with energy

[CSIR SEP 2022]
(@)E + ecos @ (b)E — ecos
(0)E + 2ecos @ (d)E — 2ecos

The Hamiltonian of a two-dimensional quantum
harmonic oscillator is
Px Py
H J—
2m ' 2m 2

where m and w are positive constants. The

degeneracy of the energy level 22—7 hw is

[CSIR JUNE 2023]
(a) 14 (b) 13
(©)8 d7

In a quantum harmonic oscillator problem, @ and
N are the annihilation operator and the number

operator, respectively. The operator eNae N is
[CSIR DEC 2023]

(a)a (b)e~'a

(c)e~d+® (d)ed

(where [ is the identity operator)

The Hamiltonian for a one-dimensional simple
harmonic oscillator is given by

2
_ b 1 2.2
H = 2m+ me X
The harmonic oscillator is in the state
lY) = L (11 + 2e™]2))
V1 + A2

20.

21.

where |1) and |2) are the normalised first and
second excited states of the oscillator and 2,9
are positive real constants. If the expectation

h
Wlxlp) = B /m

the value of § is

value

[CSIR JUNE 2024]
@ 1 V2Acos 9
a ———————————— —
VZ2(1 4+ 12) 1+ A2
2Acos ¥ q A%cos 9
(C)1+/12 ()1+/‘12
Quantum particles of unit mass, in a potential

V(x) = {1 w?x? x>0
o x<0
are in equilibrium at a temperature T. Let n, and
nz denote the numbers of the particles in the
second and third excited states respectively. The
ratio n, /ns is given by
[CSIR JUNE 2024]

) e ()

@ (57) @ew (,7)

Let |¥) = ¢p|0) + ¢;|1) (where ¢y and c¢; are
constants with ¢ +c¢f=1 ) be a linear
combination of the wavefunctions of the ground
and first excited states of the one-dimensional
harmonic oscillator. For what value of ¢ is the
expectation value (x) a maximum?

[CSIR JUNE 2024]
_ h B 1

@(x) = 0= 7

h
(b)(x) = e 0 =3

h 1
(©){x) = T €0 = 7

h
(d){x) = G =35
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22,

23.

24,

25.

The energy eigenstates of a one-dimensional
harmonic oscillator are denoted by |i), where

i =0,1,2,3.... If the momentum operator p
satisfies <Tl(;r|1|f)1l;l) V2, then the value of n is
[CSIR JUNE 2025]

(@)0 (b)1
(©)2 (d)3

The Hamiltonian of the 1 -dimensional
quantum harmonic oscillator is given by

2
_p 22
H= m + > mw“x

. The expectation value of [D, H] in the ground
state, where

D ——(xp+pX)

,is (in units of Aw ) [CSIR JUNE 2025]
. 1

(@i OF
—3i 00

©— @

|n) denotes the eigenvector of the number

operator for a particle of mass m in a one-
dimensional potential V = > Zmw 2x2(n =

0,1,2,--+). For the state vector

1 P
lp(x, t =0)) = ﬁll) +\g|2): (x(0))
is [CSIR JUNE 2025]

A quantum particle of mass m is moving in a
potential

2
V(,y) = [5(x2 + y) + 8xy].

The lowest energy eigenstate with degeneracy

has an energy [CSIR DEC 2025]
7 3
(a) > hw (b) > hw
5
(0)4hw (d) > hw

26. A one-dimensional quantum harmonic

[EES
k <.

oscillator with frequency w is in its ground
state. Its normalised wave function is given by

1
mw 2]

e = (o) exp [~ 2

The frequency is suddenly increased to 2w. The
probability of finding the particle in its new

ground state is [CSIR DEC 2025]
2\/_ 2V2
(@)— (b) ( )
) 1
2
©3 @ (55)
GATE PYQ’s

A quantum harmonic oscillator is in the energy
eigenstate |n). A time independent perturbation
A(ata)? acts on the particle, where 1 is a
constant of suitable dimensions and a and a' are
lowering and raising operators respectively.
Then the first order energy shift is given by
[GATE 2001]
(b) A?n
(d) (An)?

(@) An
(c) An?

Consider the harmonic oscillator in the form H =
(p? +x2)/2 (we havesetm = 1,w =1land h =
1). The harmonic oscillator is in its nth energy
eigenstate and subjected to a time-independent
perturbation A(xp + px), for A real. Calculate the
first-order energy shift and
correction to the wave function.

first-order
[GATE 2001]

The wave function of a one-dimensional
harmonic oscillator is

—a’x?
Yy = Aexp ( > )

for the ground state E, =

mw

where a? == In

the presence of a perturblng potential of

4
E, (%) , the first order change in the ground

state energy is
[GATE 2004]

. t*exp (—t)dt]

[Given:l"(x+1)=f0

(a)( EO) 10~ (b) (3E,)10~*
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4,

5.

7.

8.

(© (3 E0) 10 (d) (E,)10™*
A system in a normalized state |Y) = ¢;|ay) +
cylay), with |a;) and |a,) representing two
different eigenstates of the system, requires that
the constants ¢; and ¢, must satisfy the
condition

[GATE 2005]
() el + ezl =1
@ ler® +lexl* =1

@ lerl - lexl =1
©) (el +1ezD? =1

A one-dimensional harmonic oscillator carrying
a charge —q is placed in a uniform electric field
E along the positive x-axis. The corresponding
Hamiltonian operator is

[GATE 2005]

h? d* 1
()——+ kx? + qEx

The degeneracy of the n = 2 level for a three
dimensional isotropic oscillator is

[GATE 2005]
(a4 (b) 6
(08 (d) 10
A one-dimensional harmonic oscillator is in the
state
1
x) =—|3 x)— 2 x) + X
P(x) \/ﬁ[ Yo (x) = 291 (%) + P (x)]

where Y, (x), Y41 (x) and P, (x) are the ground,

first excited and second excited states,
respectively. The probability of finding the
oscillator in the ground state is

[GATE 2006]
(@ao
©—=

(b)
(d)1

A particle with energy E is in a time-independent
double well potential as shown in the figure.

10.

11.

Ll

Which of the following statements about the
particle is NOT correct?

[GATE 2007]
(a) The particle will always be in a bound state
(b) The probability of finding the particle in one
well will be time-dependent
(c) The particle will be confined to any one of
the wells
(d) The particle can tunnel from one well to the
other, and back

The energy levels of a particle of mass m in a
potential of the form
V(x) =o00,x<0
1
= Emwzxz,x >0

are given, in terms of quantum number n =

[GATE 2007]
(a) (n + %) hw (b) (Zn + ) hw
(© (Zn + ) hw (d) (n + 2) hw

For a particle of mass m in a one-dimensional
harmonic oscillator potential of the form

1
V(x) = Em(uzx2
the first excited energy eigenstate is Y (x) =

— .
xe~%*" . The value of a is

[GATE 2007]
(@) mw/4h (b) mw/3n
(c)mw/2h (d) 2mw/3h

An exact measurement of the position of a
simple harmonic oscillator (SHO) is made with
the result x = x,. [The SHO has energy levels
E,(n = 0,1,2,.)andassociated
wave-functions ,, ]. Subsequently, an exact
measurement of energy E is made. Using the
general notation Pr(E =E) denoting the
probability that a result E’ is obtained for this
measurement, the following statements are
written. Which one of the following statements
is correct?

normalized
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[GATE 2008]
(@)Pr(E=Ey)=0
(b) Pr (E = E,) = 1 for some value of n
(©) Pr(E = Ep) « p(x)
(d)Pr(E >E'")> 0foranyE"

12. A particles of mass m is confined in the potential

1
V(x) = Ema)zxz for x>0
) for x<0

F(x)

X

0
Let the wave-function of the particle be given by
1
Yx)=—-——=¥ +—=¥
( ) \/g 0 \/g 1
where W, and ¥, are the eigen functions of the
ground state and the first excited state
respectively. The expectation value of the energy
is

[GATE 2010]
31 25
(a)Ehw (b) Ehw
13h d 11h
T @ 1ghe

Linked Answer Questions
Statement for Linked Answer Question 13 and
14.
In a one-dimensional harmonic oscillator, ¢, @4
and ¢, are respectively the ground, first and the
second excited states. These three states are
normalized and are orthogonal to one another.
P4 and ¥, are two states defined by
Y1 = Qo — 291 + 3¢,
Y2 = Qo — @1+ ap;
where « is a constant?
13. The value of a for which 1, is orthogonal to y;
is
[GATE 2011]
(b) 1
(d) -2

(a) 2

(-1
14. For the value of a determined in Q.52, the
expectation value of energy of the oscillator in
the state ¥, is

15.

16.

17.

18.

[GATE 2011]

(a) hw (b) 3hw/2
(c) 3hw (d) 9hw/2
A particle is constrained to move in a truncated

harmonic potential well (x > 0) as shown in the
figure. Which one of the following statements is
correct?

[GATE 2012]

Wix)

X
(a) The parity of the first excited state is even
(b) The parity of the ground state is even

(c) The ground state energy is %hw

(d) The first excited state energy id %hw

The ground state wave function for the hydrogen
atom is given by
— 1 1 37 -r/ag
W100 = \/ﬁ <a_o) e
where a, is the Bohr radius. The plot of the radial
probability density, P(r) for the hydrogen atom
in the ground state is

[GATE 2012]
@ o)

t/a, t/a,

(© Y

P P(r)

rfa, rfa,

A one dimensional harmonic oscillator is in the
superposition of number state, |n), given by

1 V3
Yy =—|2)+—
%) = 512) + = 13)
The average energy of the oscillator in the given
state is hw

[GATE 2014]

Suppose a linear harmonic oscillator of

frequency w and mass m is in the state
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19.

20.

21.

22,

23.

_1 iz
) =75 lwo) + ¢'2lw)]

att = 0 where |Y,) and |y,) are the ground and
the first excited states, respectively. The value of

(W|x|¥) in the units of /i att =0is
mw

[GATE 2015]
The wave function of which orbital is spherically
symmetric:

[GATE 2017]
(@) px (b) py
©s (d) dxy
The degeneracy of the third energy level of a 3-
dimensinal isotropic  quantum  harmonic
oscillator
is [GATE 2017]
(@6 (b) 12
(c)8 (d) 10

A one dimensional simple harmonic oscillator
with Hamiltonian
2
p 1
Hy = — + = kx?
"7 2m " 2

is subjected to a small perturbation, H; = ax +
Bx3 +yx*. The first order correction to the
ground state energy is dependent on

[GATE 2017]
(b) a and vy
(d) only y

(a) only B
(c0)aand B

Which one of the following operators is
Hermitian?

[GATE 2017]
(a)i (pxxz - xsz) (b) i (pxxz + xsz)
2 2
(©) elPxa (d) e~ ipxa

The Hamiltonian for a quantum harmonic

oscillator of mass m in three dimensions is

p2
H = ﬂ + Emwzrz

is the angular frequency. The
expectation value of 72 in the first excited state

where w

. . . i
of the oscillator in units of — (rounded off to

one decimal place) is
[GATE 2019]

24,

25.

26.

27.

Let |Y,)= ((1)), [,) = ((1)) represent two

possible states of a two-level quantum system.
The obtained by the
superposition of |;) and |y,) is given by a
density matrix that is defined as p=
c X1 l+cz [P2) (W, |. If ¢; = 0.4 and ¢, = 0.6,
the matrix element p,, (rounded off to one
decimal place) is

state incoherent

[GATE 2019]

Let @ and at, respectively denote the lowering
and raising operators of a one-dimensional
simple harmonic oscillator. Let |n) be the energy
eigenstate of the simple harmonic oscillator.
Given that |n) is also an eigen state of aTaTaa,
the corresponding eigenvalue is

[GATE 2020]
@nn-1) (b)ynn+1)
(©) (n+ 1) (d) n?
Consider a state described by Y(x,t) =

Yo (x,t) + Pu(x, t), where Y, (x,t) and P, (x,t)
are respectively the second and fourth
normalized harmonic oscillator wave functions
and w is the angular frequency of the harmonic
oscillator. The wave function (x, t = 0) will be
orthogonal to Y (x, t) at time t equal to

[GATE 2021]

T A
@ 0 (b) >

T T
© 1o (d) 7

For a one-dimensional harmonic oscillator, the

th state

creation operator (a') acting on the n
1Y) where n=012,..
atln) =Vn+ 1n4q)

The matrix representation of the position
operator

gives

h
2mw

X = (a+aT)

for the first three rows and columns is
[GATE 2022]

(@)
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01 0
(b) (101)
Zma)OlO
. [0 1 0
(c)2—10\/§
MO\ vZ 0

A 1 0 V§
()f 0 0 0
meﬁo 1

28. A particle of mass m is moving in the potential

1 2
V(x) = Vo +§mw0x ,
0, x<0

x>0

Figures, P,Q,R and S show different
combinations of the values of wg and V/j.
[GATE 2024]
V(x) 4 Figure P Figure Q
@, =12rads™'
V, =0
ay, =12rads™
. V, =3hJoules
%) x
X
V(x) t FlgureR V(x) FigureS
4 m, = 4rads™’ @, =14rads”
Yo V“n: 4# Joules | Vo =0
E; o X

X
29. If y,, (x) is a solution of the differential equation
y'" —2xy' — 2ny = 0 where n is an integer and
the prime (") denotes differentiation with
respect to x, then acceptable plot(s) of ¥, (x) =

—x* yn(x) is(are)

[GATE 2021]
2_
n=1
1 ’/\—<
:n_ ] I
@ > I >~2 /o 2 4
14 X
2
2_
n=>0
I_

E{J | | | |
)= 8 b 5 .
. X

2

n=1

|
|
4 2 0 2 4

-

30. The wave function of a spin-less particle of
mass m in a one-dimensional potential I/ (x) is
P(x) = Aexp (—a?x?) corresponding to an
eigenvalue E, = h?a?/m. The potential V(x) is

[GATE 2004]
(@) 2Eo(1 — a?x?) (b) 2E,(1 + a?x?)

(c) 2Eya’x? (d) 2Eo(1 + 2a?x?

31. In the first excited state of a one-dimensional
harmonic oscillator with angular frequency w,
the energy eigenvalue is given by [GATE 1997]

(@) 5 ho (b) hw
(©2hw (d) 2hw
32. Let a particle move in a potential field given by
V(x) = mw x? forx>0
o0 forx <0

The allowed energies of this particle are
[GATE 2000]
(@ (n+1/2)hw (b) 2n+ 3/2)hw

(©) 2n + 1/2)hw (d) (n + 5/2)hw

33. A particle of mass m is subjected to a potential

1
V(x,y) = Emmz(xz + y?2),—00 < x < 00, —
<y<o

The state with energy 4hw is g-fold degenerate.
The value of g is........... [GATE 2014]

34. The wavefunction for particle is given by the

form e ~({@**B) 'where a and B real constants. In
which one of the following potentials V (x), the
particle is moving?
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35.

36.

[GATE 2024]

(@) V(x) x a?x? (b) V(x) ox e~%*

©QVx)=0 (d) V(x) « sin (ax)

A particle of mass m is in a potential V' (x) =
%mwzxz forx > 0and V(x) = o forx < 0,
where w is the angular frequency. The ratio of

the energies corresponding to the lowest
energy level to the next higher level is

[GATE 2025]
3 1
@7 b3
1 3
©3 (D
Let |m) and |n) denote the energy eigenstates of

a one-dimensional simple harmonic oscillator.
The position and momentum operators are X
and P, respectively. The matrix element
(m|PX|n) is non-zero when

[GATE 2025]
(@)m =n+ 2only

(b)m=norm=n+£2
(com =n=+3only
(dym =n+1only

JEST PYQ'’s
Consider a harmonic oscillator in the state

laf2 4
) = e 2 e*"|0)
where |0) is the ground state, a®is the raising
operator and « is a complex number. What is the
probability that the harmonic oscillator is in the
n-th eigenstate |n) ?

[JEST 2015]
2n _la?|a|™
(a)e-lazlﬂ (bye 2 val
n.
e lal” _laf? |a|?"
(c)elal o (de 0

¢o(x) and ¢4 (x) are respectively the orthogonal
wave functions of the ground and first excited
states of a one-dimensional simple harmonic
oscillator. Consider the normalized wave
function P(x) = copo(x) + c1¢1(x), where c,
and ¢, are real. For what values of ¢y and ¢; will
WY (x)|x|Y(x)) be maximized?

[JEST 2017]
@) co=c; =+12

(b)cog = —c; = +14/2
(0) co = +V3/2,¢; = +1/2
(d) co = +V3/2,¢; = —1/2

A one-dimensional harmonic oscillator (mass m
and frequency w ) is in a state P such that the
only possible energy
measurement are Eg, E;, or E,, where E,, is the
energy of the n-th excited state. if H is the
Hamiltonian of the oscillator, (¢|H|Y) = 3hw/2
and (Y|H?|yp) = 11h%w? /4, then the probability
that the energy measurement yields Ej is.

outcomes of an

[JEST 2018]
(@)1/2 (b) Ya
()1/8 ()0
A harmonic oscillator has the following
Hamiltonian
P2 1 .
Hy = — + —mw?x?
0 2m+ zmw x

It is perturbed with a potential V = Ax*. Some of
the matrix elements of x2 in terms of its
expectation value in the ground state are given
as follow:

(0]£2]0) = C
(0|%2]2) =2C
(1]3%]1) = 3C

(11%2]3) = V6C
Where |n) is the normalised eigenstate of H,
corresponding to the eigenvalue E, = hw(n +
1/2). Suppose AE, and AE; denote the energy
correction of O(4) to the ground state and the
first excited state, respectively. What is the
fraction AE; and AE,
[JEST 2018]
A harmonic oscillator has the following
Hamiltonian
Pz 1

HO = % + Emw

It is perturbed with a potential V = Ax*. Some of

2x2

the matrix elements of x2 in terms of its
expectation value in the ground state are given
as follow:
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(0l22]0)y = C

(0]%2|2) = v2C

(11%%]1) = 3C

(1|13%|3) = V6C
Where |n) is the normalised eigenstate of Hy
corresponding to the eigenvalue E, = Aw(n +
1/2). Suppose AE, and AE; denote the energy
correction of O(4) to the ground state and the
first excited state, respectively. What is the
fraction AE; and AE, [JEST 2018]

A quantum particle of mass m is in a one-

dimensional potential of the form
1 22 .
V(x) = {Emw x<, ifx>0
ifx<0
where w is a constant. Which one of the
following represents the possible ground state
wave function of the particle?

(0e]

[JEST 2019]
Yo Yo
(@) \ (b)
0| 0
0 —X +oo 0 —x +o0
-1 -1
Yo ¥4l
o) o TN
00 00 +a0
—-X +60 —X &
V
-1 -1

A one-dimensional harmonic oscillator is in the
state

n=0
where |n) is the normalized energy eigenstate

with eigenvalue (n i %) hw. Let the expectation

value of the Hamiltonian in the state |i) be

expressed as %ahw. What is the value of a ?
[JEST 2019]

Consider the motion of a particle in two
dimensions given by the Lagrangian

L= 45 Sty
where A > 0. The initial conditions are given as
y(0) =0,x(0) =42 meters, x(0) =y(0)=0.
What is the value of x(t) —y(t) at t =25
seconds in meters?
[JEST 2019]

Consider a quantum particle of mass m moving
in a potential

10.

11.

12.

13.

14.

1
“mw?(x? +y?),

Vix,y) =12 forx >0,y>0

00, otherwise
what is the degeneracy of the energy state 9aw,
where w >0 measures the strength of the
potential?

[JEST 2020]
(@) 4 (b) 2
(©) 10 (d)5
Consider the normalized wave function P =

ayy+ byp; for a one-dimensional simple
harmonic oscillator at some time, where ¥, and
1, are the normalized ground state and the first
excited state respectively, and a,b are real
numbers. For what values of a and b, the

magnitude of expectation value of x, i.e. [(x)], is

maximum?

[JEST 2021]
@a=-b=1/\2 (b)ya=b=1/2
(d)a=1,b=0 (da=0b=1
A particle is in the nth energy eigenstate of an

infinite one-dimensional potential well between
x =0 and x = L. Let P be the probability of
finding the particle between x = 0 and x = 1/3.
In the limitn — oo, the value of P is

[JEST 2021]
@1/9 (b) 2/3
(©1/3 (d) 1/v3
The uncertainty Ax in the position of a particle

with mass m in the ground state of a harmonic
oscillator is 27 /mc. What is the energy (in units
of 10~*mc? ) required to excite the system to the
first excited state?

[JEST 2021]

Consider 5 identical spin > particles moving in a

3-dimensional harmonic oscillator potential,
1
V(r) = Emwzrz = Ema)z(xz +y% +2?%)
The degeneracy of the ground state of the system

is

[JEST 2022]
(a) 32 (b) 7
(©5 (d) 20
For a one-dimensional simple harmonic

oscillator, for which |0) denotes the ground
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15.

16.

17.

state, what is the constant f in (0|e”‘x|0) =
e—B{0|x?[0) 9

[JEST 2022]
(@) B = 2k? (b) g = k?
(©) B =k?/4 (d) B =k?/2

A quantum oscillator with energy levels
1
E, = (n +E) hw, n=0,1,2--

is in equilibrium at a low enough temperature T
so that the occupation of all states withn > 2 is
negligible. What is the mean energy of the

oscillator as a function of the inverse
temperature f§ = (ﬁ) ?
B
[JEST 2024]

() ho[1 - exp (-fhw)]

b)A 1 1
(b) w[§+1—exp (,Bha))]

(o) hw[1 + exp (—fhw)]

nalt 1
(@ ‘”[E+1+exp (ﬁhw)]

A quantum harmonic oscillator of mass m and
angular frequency w is in the state |Y) =

\/ii(|287)+ |288)), where |n) denotes the n™

normalized energy eigenstate of the harmonic

oscillator. Let

h

Ly =
0 maw

denote the oscillator size and (X) denote the
expectation value of the position operator in the

state |1)). What is the value ofiﬁ ? You may use
0

the form of the position operator in terms of the

raising and lowering operators:
Lo
£t=—(a+a'
£ (a+a")
[JEST 2024]
A quantum mechanical particle in a harmonic

oscillator potential has the initial wave function
Yo (x) + W, (x), where Wy &V, are the real wave
function in the ground and first excited states of
the harmonic oscillator Hamiltonian. For
convenience we takem = h = w = 1 for

18.

19.

20.

oscillator. What is the probability density of
finding the particle at x at time t = 7 ?
[JEST 2013]

(a) (W1 (x) — ¥ (x))?
(b) (P1(x))? = (o (x))?
() (W1(x) + ¥o(x))?
(d) (P1(0))* + (Fo(x))?

If x(t) be the position operator at a tie t in the
Heisenberg picture for a particle described by
the Hamiltonian,
P’ 2,2
H = % + Emw X
what is et (|x(£)x(0)]0) in units of%where

|0) is the ground state?

[JEST 2017]
The wave function
b?x?
4= s (-2

(for real constants A and b ) is a normalized
eigenfunction of the Schrodinger equation for a
particle of mass m and energy F in a one
dimensional potential V/(x) such thatV(x) = 0
at x = 0. Which of the following is correct?

[JEST 2019]
h2b*x? h2b*x?
@V = V= -
h2b? h2b?
(OF = @E =
The Hamiltonian of a quantum particle of mass

m confined to a ring of unit radius is:

2 ] z

H=—|—-i—-
2m ( ‘90 “)

Where 6 is the angular coordinate, a is a

constant. The energy eigenvalues and
eigenfunctions of the particle are (n is an

integer): [JEST 2016]
in6 le 5
(@yn(0) = EandEn =5 (-
b o) = sin (n@) {E - h? 5
(b)yn(6) = N an n—%(n—a)
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9 _ cos (nf) iE R 5
©Yn( )_Wan n—%(n—a)
in6
(d)yn(6) =\/§nand

. A quantum particle is subjected to the potential
V(x) =ax+ bx?, where a and b are constants.
What is the mean position of the particle in the
first excited state?

[JEST 2024]
@3 (b) -
© -3 GO
TIFR PYQ’s

A particle of mass m is placed in the ground state
of a one-dimensional harmonic oscillator
potential of the form

1
V(x) = Ekx2
where the stiffness constant k can be varied
externally. The ground state wavefunction has
the form 1 (x) « exp (—ax?vVk) where a is a
constant. If, suddenly, the parameter k is
changed to 4k, the probability that the particle

will remain in the ground state of the new
potential is

[TIFR 2011]
(a) 0.47 (b) 0.06
(c) 0.53 (d) 0.67
(e) 0.33 () 0.94

The strongest three lines in the emission
spectrum of an interstellar gas cloud are found
to have wavelengths 13,21, and 64,
respectively, where 4, is a known wavelength.
From this we can deduce that the radiating
particles in the cloud behave like

[TIFR 2012]
(a) free particles (b) particles in a box
(c) harmonic oscillators  (d) rigid rotators
(e) hydrogenic atoms

3. A harmonic oscillator has the wave function,

1
Yoo t) =¢ [300(x,t) = 2v290; (x, t)
+ 2v2¢,(x, t)]

where ¢, (x, t) is the eigenfunction belonging to
the n-th energy eigenvalue (n + %) hw. The

expectation value (E) of energy for the state

Y(x, t)is

[TIFR 2013]
(a) 1.58hw (b) 0.46Aw
(c) hw (d) 1.46hw

A particle of mass m and charge e is in the
ground state of a onedimensional harmonic
oscillator potential in the presence of a uniform
external electric field E. The total potential felt
by the particle is

1
V(x) = Ekx2 — eEx

If the electric field is suddenly switched off, then
the particle will

[TIFR 2014]
(a) make a transition to any harmonic oscillator
state with x = —eE/k as origin without

emitting any photon.

(b) make a transition to any harmonic oscillator
state with x = 0 as origin and absorb a photon.
(c) settle into the harmonic oscillator ground
state with x = 0 as origin after absorbing a
photon.

(d) oscillate back and forth with initial
amplitude eE /k, emitting multiple photons as it
does so.

A one-dimensional quantum harmonic oscillator
is in its ground state
me

1/4
Yo(x) = (ﬁ) g~mwx*/2h

Two experiments, [A] and [B], are performed on
the system. In [4], the frequency w of the
oscillator is suddenly doubled, while in [B] the
frequency w is suddenly halved. If p, and pg
denote the probability in each case that the
system is found in its new ground state
immediately after the frequency change, which
of the following is true?

[TIFR 2015]
(@) pa = V2pg (b) pa = 2ps
(¢) 2pa = DB (d) pa = s

A two-state quantum system has two
observables A and B. It is known that the
observable A has eigenstates |a;) and |a,) with
eigenvalues a, and a, respectively, while B has




7.

eigenstates | ;) and |8, ) with eigenvalues b, and
b, respectively, and that these eigenstates are
related by

3 4 4 3
1B1) = 3 ey — 3 laz) 182) = 3 ey ) + 3 laz)
Suppose a measurement is made of the
observable A and a value a, is obtained. If the
observable B is now measured, the probability of
obtaining the value b; will be

[TIFR 2015]
(a) 0.80 (b) 0.64
() 0.60 (d) 0.36

A particle is confined inside a one-dimensional
potential well V(x), as shown on the right.
One of the possible probability distributions
| (x)]? for an energy eigenstate for this particle
is

[TIFR 2016]
Vix)
0 x"x_,-' x
{a) [er(x) |, g (b} W(?'\
/\D J/ (. 5 -
(<) [ ? (d) A el
™ I ,-"h"-.
iy \
)\ \
of,. /7%
\ / | NS N AN ;
\J a

Two harmonic oscillators A and B are in excited
eigenstates with the same excitation energy E, as
measured from their respective ground state
energies. The natural frequency of A is twice that

N
T

If the wavefunction of B is as sketched in the
above picture, which of the following would best
represent the wavefunction of A ?

[TIFR 2016]

(b)

(&) (d)

9. Consider the 1-D asymmetric double-well
potential V(x) as sketched
Vix)

below.

X

The probability distribution p(x) of a particle in
the ground state of this potential is best
represented by [TIFR 2017]

(a) px) (b} p(x)

(d) plx)

10. A one-dimensional harmonic oscillator of a
mass m and natural frequency w is in the
quantum state

¥).=3100% <= 1+ =12
at time t = 0, where |n) denotes the eigenstate
with eigenvalue (n + %) hw. It follows that the
expection value (x) of the position operator X is
[TIFR 2016]

(a)x(0) [cos wt + %sin a)t]

(b) x(0)[cos wt — sin wt]

(c)x(0) [cos wt — 1sin cut]
2

(d)x(0) [cos wt + 1sin wt]
2




11.

12.

13.

14.

15.

A particle of mass m moves in a two-dimensional
space (x,y) under the influence of a Hamiltonian

1 1
H= %(pf +p2) + mez(sz + 5y% + 6xy)

Find the ground state energy of this particle in a
quantum-mechanical treatment.
[TIFR 2018]

Attime t = 0, the wavefunction of a particle in a

harmonic oscillator potential of natural

frequency w is given by
1
¥(0) = {300 — 220, +2V20,}

@n(x) denotes the -eigenfunction
belonging to the n-th eigenvalue of energy. At
time t = 7, the wavefunction is found to be

Y@ =~ (300 + 2120, + 2120,}

The minimum value of 7 is

where

[TIFR 2019]
s b 21
@5 OB
2m d s
© 5 (@) —
Three non-interacting particles whose masses

are in the ratio 1:4:16 are placed together in the
same harmonic oscillator potential V (x).

The degeneracies of the first three energy
eigenstates (ordered by increasing energy) will

be [TIFR 2020]
(@111 (b) 1,1,2

(0121 (d) 1,22

A particle of mass m is placed in a one-

dimensional harmonic oscillator potential
1
V(x) = Emwzxz

At t = 0, its wavefunction is Y(x). At t = 2n/w

its wavefunction will be [TIFR 2020]
(@) ¥x) (b) =¥ (x)
21
(©) —mp(x) (d) —¥(x)
What are the energy eigenvalues for relative

motion in one-dimension of a two-body simple
quantum harmonic oscillator (each body having
mass m ) with the following Hamiltonian?

16.

17.

18.

2 2
_pi pz 1 Ly
H = 2m+2m+2ma) (1 — x7)
[TIFR 2021]
1 1
(a) (n + E) hw (b) V2 <n + E) hw
1( +1)h d 3( +1>h
(o) 7z n+s)hw (d) S\t 3)ho
Suppose a system is in a normalized state |V)

such that|®) = c(|p,) + ei9|<p1)) where |[¢@,)
and |¢, ) are the first two normalised eigenstates
of a one-dimensional simple harmonic oscillator
of frequency w, and ¢ > 0 is areal constant. If the
expectation value of the position operator x is

given by
s B 1| nh
(WIRIY) = 5 | —
the value of & must be
[TIFR 2021]
(a) 3m/2 (b) /2
(©m/4 (dm

Consider a one-dimensional simple harmonic
oscillator with frequency w, in its ground state.
An external wave passes through this system,
creating a small time-dependent potential of the
form V(x,t) = Ax3cos wt, where A and w are
constants. If the absorption rate of the wave is
measured as a function of w, which of the
following graphs is the likely result of such a
measurement?

[TIFR 2021]
(a) (c)
=1 z
= =
s c
k=l £
B g
o o
? 3 4 1 2 ]‘ 4
w/wg w /o
v, (@,
z &
2 | . < ‘ I
i 1 2 3 I I ] 2 v 4
w/wg aran

A particle of mass m in a three-dimensional

potential well has a Hamiltonian of the form

2 2 2
px py pZ 1 2.2 1 2.2

H=——4+—+—"—"+—- —
2m+2m+2m+2mwx +2mwy

+ 2mw?z?
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19.

20.

21.

where w is a constant. If there are two identical
spin-1/2 particles in this potential having a total
energy the entropy of the system will be

E = 6hw [TIFR 2022]
(a) kpln 12 (b) kzln 16
(c) kgln 14 (d) kgln 10

Consider a particle of mass m moving in a one-
dimensional potential of the form

1
2
V(x) = {Ekx forx >0
o0 forx <0
In a quantum mechanical treatment, what is the
ground state energy of the particle?

[TIFR 2024]
1. |k
@) h \g

bgflk
()E -
hk dsﬁk
© - ()5 -

The un-normalized energy eigenfunction of a
one-dimensional simple quantum harmonic
oscillator in dimensionless units (m = h = w =
1) is P (x) = (2x3 — 3x)e™*/2 Which of the
following are (un-normalized)

eigenfunctions which are closest in energy to i,
”

two other

[TIFR 2024]
(@) (2x2 — 1)e™*"/%; (4x* — 12x% + 3)e~*"/2

(b) e™"/2; (2x2% — 1)e %12
(©) xe™**/2; (4x5 — 20x3 + 15x)e~*"/2

(d) (2x2 — 1)e™™"/2; (4x5 + 20x3 +
15x)e~*"/2

A two-state quantum system has two
observables A and B. It is known that the
observable A has eigenstates |a,) and |a,) with
eigenvalues a; and a, respectively, while B has
eigenstates |3;) and |3, ) with eigenvalues b,
and b, respectively, and that these eigenstates
are related by

_ 3 4 _ 4 3
1B1) = §|a1) —§|052) 1B2) = §|a1> + §|az>

22.

23.

24.

25.

Suppose a measurement is made of the
observable 4 and a value a, is obtained. If the
observable B is now measured, the probability
of obtaining the value b; will be

[TIFR 2015]
(a) 0.80 (b) 0.64
(c) 0.60 (d)0.36
A particle is moving in one dimension under a

potential V' (x) such that, for large positive
values of x, V(x) = kxP, where k > 0and g >
1. If the wavefunction in this region has the
form Y (x) ~ exp (—x’l), which of the following

is true? [TIFR 2015]
(a)/1=§+1 b)yrA=p

.82
©A=2p-2 (d)/’l=7
A particle of mass m, confined to one dimension

x, is in the ground state of a harmonic oscillator

potential with a normalized wave function
1

Wo(x) = (Za)z o
o) =—) e
where a = mw/2h. Find the expectation value
of x8 in terms of the parameter a. Ans =

105/(256"a’4) [TIFR 2015]

The wave-function W of a particle in a one-
dimensional harmonic oscillator potential is
given by

1 \Y/* V2x x?
v=(z) (”7)‘”‘?(‘@)

where £ = 100um. Find the expectation value of
the position x of this particle, in um.
[TIFR 2018]

A particle in a one-dimensional harmonic
oscillator potential is described by a wave-
function 1 (x, t). If the wavefunction changes to
Y (Ax, t) then the expectation value of kinetic
energy T and the potential energy V will
change, respectively, to

[TIFR 2018]
(a) AT and V /22 (b) T/A?> and V /A2

(c) T/2? and A%V (d) AT and A%V
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26. A particle of mass m in a three-dimensional
potential well has a Hamiltonian of the form CSIR-NET
2 2 2 1 1 d c 3. ¢ 4. d 5 a
H= gt g g+ g gty b 7.d 8 b 9 a 10.c
+2mw?z? 11.b  12.b  13.d  14.d  15.d
where w is a constant. If there are two identical 16.¢c  17.d 18. b 19. ¢ 20. 2
spin-1/2 particles in this potential having a
total energy 21.c | 22.d 23.d 24. b 25.d
the entropy of the system will be 26. 2
E = 6hw [TIFR 2022] GATE
(@) kgln 14 (b) kgln 16 1. ¢ 3. ¢ . d 5 ¢
6. b . C 8. b 9. ¢ 10. c
(c) kpln 12 (d) kpln 10 11.a  12.c 13. ¢ 14.d  15.d
27. For a one dimensional quantum harmonic 16.d |17.325 1 18.0 19. ¢ 20. 2
oscillator, at time t = 0, the particle is in the 21.d  22.a 23.2.5 24.0.6  25.a
ground state. What is the expectation value of 26.a  27.c 28.bed | 29.b 30.¢c
the position and momentum operator at time ¢ 31.c 32.b 33. 4 34. c 35.a
? 36.b
[TIFR 2025] JEST
@) (@0 =) =0 1. a a 3. b 4 000 |5 000
6. b . 3 8. 42 9. a 10. b
(b){(x(t)) = \/zsin wt, (p(t)) = 0 11.c | 12.125 13.d 14. d 15.d
me 16.1 17.a 18.000 19.b 20. a
21.d
h TIFR
©(x(t)) = \/%sm wt, (p(t)) = Vhmwcos wt = . K 4 b = 4
. d . a . b 9. ¢ 10. a
(d) (x(t)) = 0, (p(t)) = VAmwcos wt 11. 12.d 13. b 14.b 15. b
16.¢ | 17.a 18. c 19. b 20. a
21.d 22.a 23. 24.071 | 25.a
26.a 27.a
TIFR Q.23- 105/(256 *a*)
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Quantum Mechanics: Hydrogen Atom

% CSIR-NET PYQ’s value of L, in the state v is:

1. The energy levels of the non-relativistic electron [CSIR DEC 2012]
in a hydrogen atom (i.e. in a Coulomb potential (a)@ ®) 11a
V(r) < —1/r are given by E,,¢,,, X —1/n?, where 16 16
n is the principal quantum number, and the
, . . 3h A
corresponding wave functions are given by ©) = (d) 5

Wnem, Where £ is the orbital angular momentum
quantum number and m is the magnetic
quantum number. The spin of the electron is not
considered. Which of the following is a correct
statement?

[CSIR JUNE 2011]
(a) There are exactly (2¢ + 1) different wave
functions Y,,pp,, for each Eppp,.

(b) There are (£ + 1) different wave functions
WYnem, for each E pp,.

(¢) Eppm does not depend on £ and m for the
Coulomb potential.

(d) There is a unique wave function Y, ¢, and

Entm-

If an electron is in the ground state of the
hydrogen atom, the probability that its distance
from the proton is more than one Bohr radius is
approximately

[CSIR JUNE 2011]
(a) 0.68 (b)0.48
(c) 0.28 (d)0.91

Given that the ground state energy of the
hydrogen atom is 13.6eV, the ground state
energy of positronium (which is a bound state of
an electron and a position) is

[CSIR DEC 2011]
(a) +6.8eV (b)6.8eV
(c) —13.6eV (d) —27.2Ev

The wave function of a state of the hydrogen
atom is given by
W = P00 + 2021 + 310 + V20T 4
where 1,/ denotes the normalized eigen
function of the state with quantum numbers n,

and m in the usual notation. The expectation

An electron is in the ground state of a hydrogen
atom. The probability that it is within the Bohr
radius is approximately equal to

[CSIR JUNE 2014]
(a) 0.60 (b) 0.90
(c)0.16 (d) 0.32

Suppose that the Coulomb potential of the
hydrogen atom is changed by adding an inverse-
square term such that the total potential is
5 ze? g

V(T') = — T + T'_Z
where g is a constant. The energy eigenvalues
Em/n in the modified potential

[CSIR JUNE 2016]

(a) depend on n and [, but not on m
(b) depend on n but not on [ and m
(c) depend on n and m, but not on [

(d) depend explicitly on all three quantum
numbers n, [ and m

The normalized wavefunction of a particle in
three dimensions is given by

Y(r,0,0) =

where a > 0 is a constant. The ratio of the most

e—r/Za

a3

probable distance from the origin to the mean
distance from the origin, is [You may use

fooo dxx"e ™ =nl!].

[CSIR DEC 2017]
1 1
(a)§ (b) >
3 d 2
(C)f (d) 3

Let the wavefunction of the electron in a
hydrogen atom be
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10.

11.

1 2 1
Y(@) = ﬁfpzoo(?) + \/;¢21—1(7) - ﬁ@bmo(?)

where ¢,;,(7) are the eigenstates of the
Hamiltonian in the standard notation. The
expectation value

of the energy in this state is

[CSIR DEC 2018]
(a) —10.8eV (b) —6.2eV
(c) —9.5eV (d) =5.1eV

[f the position of the electron in the ground state
of a hydrogen atom is measured, the probability
that it will be found at a distance r = ay ( ag
being Bohr radius) is nearest to

[CSIR DEC 2018]
(a) 0.91 (b) 0.66
() 0.32 (d) 0.13

The radial wavefunction of hydrogen atom with
the principal quantum number n = 2 and the

orbital quantum

T
Ry =N (1 —Zr—a) eZa
where N is the normalized constant. The best
schematic representation of the probability
density p(r) for the electron to be between r and
r +dris
[CSIR JUNE 2023]
P(r)

m P (b}

e

A hydrogen atom i he state

lY) = \[7|¢200)+\[7|1/)210>+\/7|1/)311>

where |, ) are normalized eigenstates. If [ is
measured in this state, the probability of
obtaining the value 242 is

[CSIR JUNE 2024]
@5 (b)-
©5 ()

% GATE PYQ’s

1.

In spherical coordinates, the wave function
describing a state of a system is

soop = (L)

where a, is a constant. Find the parity of the
system in this state.

r .
— e~ %2a05ip Gei®

Qo

[GATE 2002]

In a hydrogen atom, the accidental or Coulomb
degeneracy for the n = 4 state is

[GATE 2004]
(a4 (b) 16

(c)18 (d) 32
In hydro genic states, the probability of finding
an electron atr = 0 is

[GATE 2006]
(a) zero in state ¢, 4(1)
(b) non-zero in state ¢4(r)
(c) zero in state ¢,4(1)

(d) zero in state ¢y, (1)

An atomic state of hydrogen is represented by

the following wavefunction:
1 3/2 T /2
r,0,0) = —(—) (1 ——)e‘r %ocos 6
Y(,0,9) T 24,

where a is a constant. The quantum numbers of
the state are

[GATE 2007]
@l=0m=0n=1

b)l=1m=1n=2
l=1m=0n=2

(dl=2,m=0n=3
Let [,) denote the ground state of the hydrogen
atom. Choose the correct statement from those
given below:

[GATE 2008]

(@) [Lx, Ly ]1ho) = 0 (b) J21pe) = 0

(©) L-Slpo) # 0 () [Sx, Sy |10y = 0
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6. The radial wave function of the electrons in the

state of n =1 and [ = 0 in a hydrogen atom is

R = 2 T
10 = ag/z exp ( ao);ao
is the Bohr radius. The most probable value of r
for an electron is

[GATE 2008]
(@) ao (b) 2a,

(c) 4ao (d) 8ay
The normalized ground state wave function of a
hydrogen atom is given by

-r/a

1
Y(r)=———=e
) e 2
where a is the Bohr radius and r is the distance
of the electron from the nucleus, located at the

- ! 1) .
origin. The expectation value (r—2> is

[GATE 2011]
8w A1
@ pol (b) pol
4 2
(© ) (d) =z

An electron in the ground state of the hydrogen
atom has the wave function

l.p(?) ] e_(r/aO)

3

Where a, is constant. The expectation value of
the operator Q = z% — r?, where z = rcos 6 is

_ o _ 'n) m+1)!
(Hint: fo e ridr = ot = gt
[GATE 2014]
2
a
@ -~ (b) — af
3 2
(© - (@) - 24

Which one of the following represents the 3p
radial wave function of hydrogen atom? ( a, is
the Bohr radius)

[GATE 2018]

10.

11.

12,

13.

14.

nR(f‘] Iy R{r)
(a) (b)
0 rla, 9 ria,
+R( -
© @ 1R
0] ?” a, 0j ria,

The intrinsic/permanent electric dipole moment
in the ground state of hydrogen atom is ( a, is
the Bohr radius)

[GATE 2018]
(a) —3eay (b) zero
(c) eag (d) 3eaq,
The radial wave function of a particle in a central

potential is give by
n r
R(r) = Aaexp (— Z)
where A is the normalization constant and a is
positive constant of suitable dimensions. If ya is
the most probable distance of the particle from

the force center, the value of y is
[GATE 2020]

The normalized radial wave function of the
second excited state of hydrogen atom is

1 r
R(r) = = (a73/?) £ (e7%°)
where a is the Bohr radius and r is the distance
from the center of the atom. The distance at
which the electron is most likely to be found is
y X a. The value of y (in integer) is

[GATE 2021]

A system is known to be in a state described by
the wave function

1
P, ¢) = ﬁ(SYf + Y9 —2Y¢)

where Y/™(0, ¢) are the spherical harmonics the
probability of finding the system in a state with
m=0i

(b) zero (b) 2/15
(c)1/4 (d) 13/15
The expectation value of the z-coordinate, (z) in

the ground state of the hydrogen atom




15.

(wavefunction : Y190 (r) = Ae /%, where 4 is
the normalization constant and a, is the Bohr
radius), is

[GATE 2005]
(@) a (b) =

©7F ()0
A particle has wavefunction ¥ (x, y,z) =
Nze—a(x2+y2+zz)

where N is a normalization constant and « is a
positive constant. In this state, which one of the
following options represents the eigenvalues of
L? and L, respectively?

1
Some values of Y;™ are: Yy = /E’ Y0 =

3 — ,3 : :
/—cos 6,Y !t = F |=sin feti®
4T 81

(a)0and 0 (b) A2 and —h

(c) 2h% and 0 (d) A% and &

JEST PYQ’s
If a proton were ten times lighter, then the
ground state energy of the electron in a
hydrogen atom would have been

[JEST 2014]
(a) Less

(b) More

(c) The same

(d) Depends on the electron mass

The wave function of a hydrogen atom is given

by the following superposition of energy eigen-
functions ¥, (#*)(n, 1, mare the usual quantum

numbers): [JEST 2016]
GVE s
Y() —\/71/’100(7’) m¢210(’”)
1
+ﬁ¢322(7')

The ratio of expectation value of the energy to
the ground state energy and the expectation
value of L? are, respectively:
12h2 101

101 . d 229 A2
(c).504an ().504an

If

Ve = — (Yo, = Y5 5)
xy \/E 22 2,—2
where Y, ,, are spherical harmonics, then which

of the following is true?
[JEST 2016]
(a) Yy, is an eigen function of both 12 and L,

(b) Yy, is an eigen function of L2 but not L,
(¢) Yy, is an eigen function both of L, but not L2

(d) Yy, is not an eigen function of either L2 and
L,

In the ground state of hydrogen atom, the most
probable distance of the electron from the
nucleus, in units of Bohr radius a is:

[JEST 2016]
@5 (b) 1

(©2 OF

What is the binding energy of an electron in the
ground state of a He*ion?

[JEST 2019]
(a) 6.8eV (b) 13.6eV
(c) 27.2eV (d) 54.4Ev

Positronium is a short lived bound state of an
electron and a positron. The energy difference
between the first excited state and ground state
of positronium is expected to be around

[JEST 2021]
(a) four times that of the Hydrogen atom

(b) twice that of the Hydrogen atom
(c) half that of the Hydrogen atom
(d) the same as that of the Hydrogen atom

The wavefunction of the electron in a Hydrogen

atom state is given by
=123 ?exp (=r/a.). Which of the following

figures qualitatively depicts the probability

in a particular
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(P(r)) of the electron to be within a distance r
from the nucleus?
[JEST 2022]

P(F]

B. i r
P(r)
1 K
C o r
P(r)
1 I/\
D. e r

The radial part of the electronic ground state
wave function of the Hydrogen atom is

1 r
Rip(r) = exp (— a_)
’ 3 0

where a, is the Bohr radius. If (r) and 7;;,;,, denote

the expectation value and the maximum

probable value of the radial coordinate,
respectively, compute gﬂ.
Tmp

[JEST 2024]

TIFR PYQ's

The normalized wavefunctions of a Hydrogen
atom are denoted by ¥, ., (X), where n, £ and m
are, respectively, the principal, azimuthal and
magnetic quantum numbers respectively. Now
consider an electron in the mixed state

oo 1 2 2 R
Y(x) = §¢1,0,0(x) + §¢2,1,0(x) + 51/)3,2,_2(95)
The expectation value (E) of the energy of this

electron, in electron-Volts (eV) will be

approximately

[TIFR 2012]
(a)-1.5 (b) —3.7
(c)-13.6 (d)-80.1

(e) +13.6

2. An energy eigenstate of the Hydrogen atom has
the wave function

lpn{’m(rr 9’ (P)
1 /1)\*? r
= N (a—0> sin fcos Hexp [— (3—% + i(p)]

where a is the Bohr radius. The principal (n),
azimuthal (¢) and magnetic (m) quantum
numbers corresponding to this wave function
are

[TIFR 2013]
@n=3¢{=2m=1

n=3¢2=2,m=-1
b)yn=2¢=1m=1
n=2¢=1m=+1

3. A particle in the 2s state of hydrogen has the

Vi) = 1 (a—o)

where 7 is the radial coordinate w.r.t. the
nucleus as origin and ag is the Bohr radius. The
probability P of finding the electron somewhere
inside a sphere of radius Aa, centered at the
nucleus, is best described by the graph

[TIFR 2014]

3/2

(a) (b)
P P

{c) (d)

4. An electron is in the 2s level of the hydrogen
atom, with the radial wave-function

Y(r) = Flag,z(z - aio) exp <_2Lao)
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5.

6.

The probability P(r) of finding this electron
between distances r to r + dr from the centre is
best represented by the sketch

[TIFR 2018]

(@) (b)

P(r) P(r)

© (d)

P((r)

P(r)

An electron in a hydrogen atom is in a state
described by the wavefunction:

1 2
V(@) = —=v100(X) + \/;1/&10 (€3]

V10
2 L1 A
+ g'l’zn(x) \/?Oll’zL—l(x)

where Y, (X¥) denotes a normalized
wavefunction of the hydrogen atom with the
principal quantum number n, angular quantum
number ¢ and magnetic quantum number m.

Neglecting the spin-orbit interaction, the

expectation values of L, and L2 for this state are

[TIFR 2019]
(a) 31/10,9h2/5 (c) 3h/4,972/25
(b) 34/5,9h2/10 (d) 87/10,3k2/5

An electron moves in a hydrogen atom potential
in a state | ¥ that has the wave function
W(r,0,9) = NRy (N[2iY7(6,0) + (2
+ )Y (6, 9) + 3iY{ (6, 9)]
where N is a normalization constant, R,;(r) is
the radial wave function and the Y;™(6, ¢) are
spherical harmonics. The expectation value of
L, ie. the Z-component of the angular
momentum operator is
[TIFR 2021]

4 h
@ 73

9 h
C 2.
a 7.
.a
b 2.
a 7.
.4 1
a 2.
(& 7.
b 2.
b

C

5
(b)ﬁh

O h

+ Answers key

CSIR-NET
3. b
8. d

GATE
3. acd
8. d
13.d

JEST
3. d
8. 4

TIFR
3. d

4, d
9. b
4, c
9. a
14.d
4. b
4. b

5.
10.

5.
10.
15.
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Quantum Mechanics: Operator Algebra

+» CSIR-NET PYQ’s
1. The Hamiltonian of an electron in a constant

magnetic field Bis given by H = uo - B where u
is a positive constant and & = (0y,0;,03)
denotes the Pauli matrices. Let w = uB/h and |
be the 2 X 2 unit matrix.

iH/h

Then the operator e/ "simplifies to

[CSIR JUNE 2011]
wt i6-B  wt

(a)Icos 7+ 5 sin—

io-B

(b)Icos wt + sin wt

(c)Isin wt + cos wt

ic
(d)Isin 2wt + cos 2wt

The commutator [x?,p?] is

[CSIR JUNE 2012]
(@) 2inxp (b)2ih(xp + px)
(c) 2ihpx (d) 2ih(xp — px)

Which of the following is a self-adjoint operator

in the spherical polar coordinate system (7, 6, @)
?

[CSIR JUNE 2012]
ih 0 b " d
@ -z a0 (b) —ih7g
ih 0 . — 0
©-Snoae (d) —ihsin 055
Given the wusual canonical commutation

relations, the commutator [4, B] of A = i(xpy -

ypx) and B = (ypz + zpy) is:
[CSIR DEC 2012]

(@) h(xp; — pxz) (b) —h(xp, — px2)

(C) h(XpZ + pr) (d) _h(xpz + pr)
If the operators A and B satisfy the commutation
relation [A,B] =1, where [ is the identity
operator, then

[CSIR JUNE 2013]

(@) [e*, B] = e® (b) [eA,B] = [eB, A]

10.

(© [eA, B] = [e7B, A] (d) [eA, B] =1

If A,B and C are non-zero Hermitian operators,
which of the following relations must be false?

[CSIR DEC 2013]
(@)[A,B]=C (b)AB+BA=C
(c)ABA=C (dA+B=C
Given that
~ n( d N 1)
Pr="1G, "7
, the uncertainty Ap,. in the ground state
Yo(r) = e~T/%
na
of the hydrogen atom is
[CSIR JUNE 2014]
h V2h
— b) —
@ O
h q 2h
©34 @ o

Let x and p denote, respectively, the coordinate
and momentum operators satisfying the
canonical commutation relation [x,p] =1 in
natural units (A = 1). Then the commutator
[x,pe”P]is

[CSIR DEC 2014]

@i(1—ple? (b) i1 —p»e?

(©i(1—e7P) (d) ipe™?

Suppose the Hamiltonian of a conservative
system in classical mechanicsis H = wxp, where
w is a constant and x and p are the position and
momentum respectively. The corresponding
Hamiltonian in quantum mechanics, in the
coordinate representation, is

[CSIR DEC 2014]

" ( 0 1) b " ( d +1)
(a)looxax2 (b) meaxz
) ihw 0

(c)—lha)xa (d) —Txa

The waveform of a particle in one-dimension is

denoted by Y(x) in the coordinate
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11.

12.

13.

representation and by ¢(p) = [ Y(x)e P*/dx
in the momentum representation. If the action of
an operator T on (x) is given by Ty(x) =
Y (x + a), where a is a constant, then T¢(p) is
given by

[CSIR JUNE 2015]

QR0 (b) e~/ ()

(e *ie/" b (p) @ (1+a) o)

A particle moves in one dimension in the
potential V =%k(t)x2, where k(t) is a time
dependent parameter. Then %(V}, the rate of

change of the expression value (V) of the
potential energy, is
[CSIR JUNE 2015]

(a) ( 2)+—(XP+PX)

2dt

(b)ia( x?) + —(PZ)

k
© v (xp + px)

(@5 )

Two different sets of orthogonal basis vectors

{(o)- ()
050

are given for a two-dimensional real vector

and

space. The matrix representation of a linear
operator A in these bases are related by a unitary
transformation. The unitary matrix may be
chosen to be

[CSIR JUNE 2015]
@G ) ® (7 o)
1
©xG ) CF- T

A Hermitian operator 0 has two normalised
eigenstates |1) and |2) with eigenvalues 1 and 2,
respectively. The two states |u) = cos 6|1) +
sin 6|2) and |v) = cos ¢|1) + sin ¢|2) are such

14.

15.

16.

that (v|0|v) = 7/4 and (u | v) = 0. Which of the
following are possible values of 8 and ¢ ?
[CSIR DEC 2015]

(a)f = —%andd) =g
(b)o =%and¢ =g

()8 = —%andd) =%
()6 = gandq.') - —%

. d .
Consider the operator a=x+_- acting on

smooth functions of x. The commutator
[a, cos x]is
[CSIR DEC 2016]

(a) —sin x (b) cos x
(c) —cos x (d)o
Let

~ (x + ip)

a=—(x+1i

2 p

and

al =i(x—ip)
V2

be the lowering and raising operators of a simple
harmonic oscillator in units where the mass,
angular frequency and h have been set to unity.
If |0) is the ground state of the oscillator and 1 is
a complex constant, the expectation value of

(1|x|) in the state |1p) = exp (Aat — 1*a)|0), is
[CSIR DEC 2016]
(@)4] (d) (1217 + &
) 1212
(©—=@0—1) @ =@+
C — — —
V2i V2
The Hamiltonian of a two-level quantum system

is

H=;hw(; b

A possible initial state in which the probability of
the system being in that quantum state does not
change with time, is

[CSIR DEC 2017]
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17.

18.

19.

20.

T T
COS — CoS —

4 8

@[ ®| 7
sin Z sin §

T /3

cos — Cos —

2 6

(C) . (d) . T
sin E sin g

The product AxAp of uncertainties in the
position and momentum of a simple larmonic
oscillator of mass m and angular frequency w in
the ground state |0), is #/2. The value of the
product AxAp in the state e “P/"|0), where [ is a
constant and p is the momentum operator) is

[CSIR DEC 2018]
h |mwl? e
@5 [ ()
h d h?
©3 () —3
Consider the operator A, = L,p, — L,p,, where

L; and p; denote, respectively, the components of
the angular and momentum
operators. The commutator [A,, x], where x is
the x-component of the position operator, is
[CSIR DEC 2018]

(b) —in(zp, — ypy)

momentum

(@) —ih(zp, + ypy)

(c) ih(zp, + ypy) (d) ik(zp, — ypy)

The operator A has a matrix representation
2 1. . 1 0
(1 2) in the basis spanned by (0) and (1) In
another basis spanned by
()
V2 \1
and
(1)
NASE!
the matrix representation of 4 is
[CSIR JUNE 2019]
2 0 30
@ (5 ) ®( )
31 30
©( 1) @ 7)
Let X and p denote position and momentum

operators obeying the commutation relation
[£,P] = ih. If |x) denotes an eigenstate of X

21.

22.

23.

corresponding to the eigenvalue x, then
et/ x) is

[CSIR DEC 2019]
(a) an eigenstate of £ corresponding to the

eigenvalue x.

(b) an eigenstate of X corresponding to the
eigenvalue (x + a).

(c) an eigenstate of X corresponding to the
eigenvalue (x — a).

(d) not an eigenstate of x.

A two-state system evolves under the action of
the Hamiltonian H = Ey|A)(A|+(E, + A)|B)(B]|,
where |A) and |B) are its two orthonormal
states. These states transform to one another
under parity i.e,, P|A) = |B) and P|B) = |A).If at
time ¢t = 0 the system is in a state of definite
parity P = 1, the earliest time t at which the
probability of finding the system in a state of
parity P = —1is one, is

[CSIR JUNE 2021]
mh b mh
@5 ® 3
2ith d 2rmh
©5; (@ =
Which of the following two physical quantities

cannot be measured simultaneously with
arbitrary accuracy for the motion of a quantum
particle in three dimensions?

[CSIR JUNE 2021]
(@) square of the radial position and z-
component of angular momentum (2 and L,)
linear

(b) x-components of and angular

momenta (p, and L,)

(c) y-component of position and z-component of
angular momentum (y and L, )

(d) squares of the magnitudes of the linear and
angular momenta ( p? and L?)

In terms of a complete set of orthonormal basis
kets |n),n=0,%1,%2,:--, the Hamiltonian is
H =Y, (E|n)(n| + €|n + 1){n| + €|n)(n + 1])
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24,

25.

26.

where E and € are constants. The state

|p) = Tne™®In)
is an eigenstate with energy
[CSIR JUNE 2022]

(@)E + ecos @ (b)E — ecos

(c)E + 2ecos ¢ (d)E — 2ecos o

The momentum space representation of the
Schrodinger equation of a particle in a potential
V(@)
is
2 0
(IpI2 +B(V2)") WP, = ik wi(p. )

where
d
(Vp)i = a_pl

, and B is a constant. The potential is (in the
following V; and a are constants)

[CSIR JUNE 2022]
(@)Voe ™/’ (b)Vpe™ /2"
2 4
©%(3) @Vo (2)

Two operators A and B satisfy the commutation
relations [H,A] = —hwB and [H,B] = hwA
where w is a constant and H is the Hamiltonian
of the system. The expectation value (4),t =
(p|A|p) in a state @ such that at time t =
0A4,(0) =0and B,(0) =0is

[CSIR JUNE 2023]
(a) sin (wt) (b) sinh (wt)
() cos (wt) (d) cosh (wt)

If A and B are hermitian operators and C is an
antihermitian operator, then

[CSIR JUNE 2024]
(a)[[A4, B], €] is hermitian and [[A4, C], B] is anti
hermitian

(b)[[A, B], C]
antihermitian

and [[A4,C],B] are both

(9)[[A4, B], €] and [[A4, C], B] are both Hermitian

(D[4, B], €] is antihermitian and [[A4, C], B] is
Hermitian

27.

28.

29.

Let A,B and C be functions of phase space
variables (coordinates and momenta of a
mechanical system). If
{ }JrepresentsthePoissonbracket, thevalueof
{A,{B,C}} — {{A, B}, C} is given by

[CSIR DEC 2013]

@0 (){B, {C,A}}

(© {A{CB}Y (d) {{C, A}, B}

The operator A = Y7, |n + 1)(n| is defined in
terms of the eigenstates |n). of the number
operator of the simple Harmonic oscillator.
which of the Following is obeyed by A and it's
hermitian conjugate A*?? (I is the Identity
operator) [CSIR DEC 2019]
(@) ATA =1and AAt =1

(b) AtA = 1but AA* # 1
()AtA#1and AA* =1
() A*A# Iand AA* = [
Commutator of two matrices A and B is defined

as [4, B] = AB — BA and the anti-commutator
as {A,B} = AB + BA.If {A, B} = 0. Then we can

express [A, BC] as [CSIR DEC 2025]
(a)B{4, C} (b)—BI[A, (]
(0)—B{A,C} (D[4, B]C
GATE PYQ's
For any operator A, i(A" —A)is

[GATE 2001]

(a) Hermitian (b) anti-Hermitian

(c) unitary (d) orthogonal
x and p are two operators which satisfy [x, p] =
i. The operators X and P are defined as X =
xcos ¢ + psin ¢ andY = —xsin ¢ + pcos ¢, for
¢ real. Then [X, Y] equals

[GATE 2001]

(@)1 (b) -1

()i (d) —i
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3. Aand B are two quantum mechanical operators.
If [/i,f?] stands for the commutator of A and B,
then [[4, B, [B, A]] is equal to

[GATE 2002]

(a) ABAB — BABA

4. A quantum particle is in a state which is the
superposition of the eigenstates of the

If the
probability of finding the momentum #k of the

particle is 90%, compute its wave function.
[GATE 2002]

]
momentum operator px=—lfla.

5. The wave function of a free particle is given by
Y(@) = Ce~(**+¥*+2%) where C is a constant.
Compute the momentum space probability
density, normalize it to 1 and hence find the
value of C.

[GATE 2002]

6. The commutator [x,P?], where x and P are
position and momentum operators respectively,
is

[GATE 2003]
(a) 2inP (b) —inP
(c) 2iAxP (d) —2iAxP

7. The commutator [L,,y], where L, is the x-
component of the angular momentum operator
and y is the y component of the position
operator, is equal to

[GATE 2006]
(@0 (b) ihx
(¢) ihy (d) ihz
8. If [x,p]=ih, the value of [x3p] is
[GATE 2007]
(a) 2ihx? (b) —2ihx?
(c) 3ihx? (d) —3ihx?

9. Three operators X,Y and Z satisfy the
commutation relations [X,Y]=iaZ,[Y,Z] =
inX and [Z,X] = inY.

The set of all possible eigenvalues of the
operator Z, in units of A, is

[GATE 2007]
(a) {0,£1,4£2,43,...}

o frdel)

@ftz8,

N

@f-3+3)

10. A finite wave train of an unspecified nature
propagates along the positive x axis with a
constant speed v and without any change of
shape. The differential equation among the four
listed below, whose solution it must be, is

[GATE 2008]

9> 1 9?
@ )<6x2 v2 6t2>lp(x =0

2

10
(b) <V2 y ?W) qj(?, t) =0

© <—

(d)(V2+aaa>‘P(r £) =0

h? 92

d
Mo at)‘”x H=0

11. For a physical system, two observables O; and
0, are known to be compatible. Choose the
correct implication from amongst those given
below:

[GATE 2008]
(a) every eigen state of 0; must necessarily be
an eigen state of O,

(b) every non-degenerate eigen state of O,
must necessarily be an eigen state of O,

(c) when an observation of O, is carried out on
an arbitrary state |¥) of the physical system a
subsequent observation of O, leads to an
unambiguous result
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(d) observation of O; and O, carried out on an
arbitrary state |¥) of the physical system, lead
to the identical results irrespective of the order
in which the observation are made

12. A and B represent two physical characteristics of
a quantum system. If A is Hermitian, then for the
product AB be Hermitian, it is sufficient that

[GATE 2009]
(a) B is Hermitian
(b) B is anti-Hermitian
(c) B is Hermitian and A and B commute
(d) B is Hermitian and A and B anti-commute
13. The quantum mechanical operator for the

momentum of a particle moving in one
dimension is given by

[GATE 2011]
L d L. d
(@ih— (b) —ih—
N o _h
(©) at & 2m dx?

14. LetL and p be the angular and linear momentum
operators; respectively for a particle. The
commentator [Ly, p, | gives

[GATE 2015]
(a) —ihp, (b) 0

(c) ihpy (d) ihp,

15. Which of the following operators is Hermitian?

[GATE 2016]
d 2
@ o (b) IxZ
d2 3
(C)iW (d) e

16. If x and p are the x components of the position
and the momentum operators of a particle
respectively, the commutator [x2,p?] is

[GATE 2016]

(a) th(xp — px) (b) 2ih(xp — px)

(c) ih(xp + px) (d) 2ih(xp + px)

17. If H is the Hamiltonian for a free particle with
mass m, the commutator [x, [x, H]] is

[GATE 2018]
(a) R2/m (b) —h%/m
(c) —h?/(2m) (d) h?/(2m)

18. The Hamiltonian operator for a two-level
E, O

quantum system is H = ( 01 E ) If the state of
2

the t=0 is

system at given by

won=(})

then |(x(0) | ¥(t))|? at a later time t is
[GATE 2019]

(a)%(1 L e_(El_Ez)t/h)
1
(b) 5(1 — e~ (E1-E)t/h)
1
(C)E(l + cos [(E; — Ep)t/h])

1
(d)5 (1 = cos [(By — E)t/A))

19. In cylindrical coordinates ( s, ¢, z) which of the
following is a Hermitian operator?

[GATE 2022]
10 b 1/0 1
@735 ( h(&ﬁ)

1/0 1 0 1
©7(5*5) @ (55+3)
« JEST PYQ’s
1. Define o, =(f"+f) and oy = —i(ft-7),
where they ¢’ are Pauli spin matrices and f, f1
obey anticommutation relation {f,f}=
0,{f,ft = 1}. Then g, is given by
[JEST 2012]

@fTf-1 (b 2fTf -1

(©2fTf+1 (D fTf

2. The wave function of a free particle in one
dimension is given by y(x) = Asin x + Bsin 3x.
Then Y (x) is an eigenstate of
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[JEST 2012]
(a) The position operator

(b) The Hamiltonian
(¢) The momentum operator
(d) the parity operator

The Hermitian conjugate of the operator (— %)

is

[JEST 2013]
0 b 0
@7~ Ot
id q id
OF» (d) ==~
The operator
(&) @)
dx a dx x
is equivalent to
[JEST 2013]
d? d?
— 42 IR
€)) T2 x (b) ax2 x“+1
2 2
——x—+1 — — 2x— — x?
© dx? Fdx * (@ dx? Fax

The operator A and B share all the eigenstates.
Then the least possible value of the product of
uncertainties A AAB is

[JEST 2014]

(a) h

(o
©:
(d) determinant (AB)

If a Hamiltonian H is given as H = |0){(0]| —
[IX1] + i(JO)1| — |1){0]), where |0) and |1) are
orthonormal states, the eigenvalues of H are
[JEST 2015]
(@) £1 (b) £i

(c) +V2 (d) +iv2

7.

10.

11.

12.

The adjoint of a differential operator % acting on

a wave function Y (x) for a quantum mechanical
system is:

[JEST 2016]
d b " d
(a)a (b) —i o
d D ik d
(C)—a (d)i o

For operator P and Q, the commutator [P, Q1]
is [JEST 2016]

(@ Q'[P QlQ7" (b) —Q~*[P,QlQ™"

(0 Q7'[P,QlQ (d) —Q[p,QlQ™*

What is dimension of
haoy
idx
, where 1) is a wave function in two dimensions?
[JEST 2017]
(a) kgm™1 s72 (b) kgm™2
(c) kgm? s=2 (d) kgs™!

If x(t) be the position operator at a tie t in the
Heisenberg picture for a particle described by

the Hamiltonian,
2
H = — + -mw?x?
2m 2
, what is e t(|x(£)x(0)]0) in units of% where

|0) is the ground state?

[JEST 2017]
If ¥ (x) is an infinitely differentiable function,
then Dy (x), where the operator
n d
D= —
exp (ax dx)
, s
[JEST 2018]
@y +a) (b) Y(ae® +x)
(© Y(ex) (d) e“Y(x)

Consider two canonically conjugate operators X
and Y such that [X,Y] = ial, where [ is identity
operator. If X = a;;0; +a;,0,,Y = a,,0; +
a,,0,, where a;; are complex numbers, and

[Ql, Qz] = zI, the value of a1 @y, — @125 i
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13.

14.

[JEST 2018]
(@) ihz (b) ih/z

(o) in @z

Consider a 4-dimensional vector space V that is
a direct product of two 2-dimensional vector
spaces V; and V,. A linear transformation H
acting on V is specified by the direct product of
linear transformations H; and H, acting on V;
and V5, respectively. In a particular basis,

=g )= 1)

what is the lowest eigenvalue of H ?

[JEST 2021]
3
@1 OF
(©3-+5 (d)3 (3 - V5)
If 8 and ¢ are respectively the polar and

azimuthal angles on the unit sphere, what is
(cos? (8)) and (sin® (@)), where (0) denotes the
average of 0 ?

[JEST 2022]
(a) (cos? (0)) = 3/4 and (sin? ()) = 1/4

(b) (cos? (8)) = 1/2 and (sin? ()) = 1/2
(c) {cos? (8)) = 1/3 and (sin® (8)) = 2/3

(d) {cos? (0)) = 2/3 and (sin® (8)) = 1/3

15. A and B are 2 X 2 Hermitian matrices. |a;) and

0
0'0

|a,) are two linearly independent eigenvectors
of A. Consider the following statements:

1.If |a;) and |a,) are eigenvectors of B, then
[4,B] = 0.

2If [A,B] =0, then |a;) and |a,) are
eigenvectors of B.Mark the correct option.
[JEST 2024]

(a) Both statements 1 and 2 are true.
(b) Statement 2 is true but statement 1 is false.
(c) Statement 1 is true but statement 2 is false.
(d) Both statements 1 and 2 are false.

TIFR PYQ's

Consider a quantum mechanical system with
three linear operators A, B and C, which are
related by
AB-C=1
where [ is the unit operator. If A = d/dx and B =
x, then € must be
[TIFR 2013]

(a) zero (b) ;_x

d q d
(C)—xa ()xa

Itis required to construct the quantum theory of
a particle of mass m moving in one dimension x
under the influence of a constant force F. The
characteristic length-scale in this problem is

[TIFR 2015]
B B2 \1/3
(a)ﬁ (b) (W)
a3 mF
© (mZF ) (@) Az

Denote the commutator of two matrices A and B
by [A,B] = AB — BA and the anti-commutator
by {A4,B} = AB + BA.If {4, B} = 0, we can write
[4,BC] =

[TIFR 2017]
(a) —B[A, C] (b) B{4,C}
(c) —B{4,C} (d) [A,C]B

A system of two spin — 1/2 particles 1 and 2
has the Hamiltonian H = €,h; ® h, where

£ 2 ~ 1
hl:(o (1)) ha :((1) o)
and €, is a constant with the dimension of
energy. The ground state of this system has
energy
[TIFR 2019]

(a) Ve ()0

(c) —2¢ (d) —4e

Consider £ and p, as the quantum mechanical
position and linear momentum operators with
eigenstates |x) and |p,) and eigenvalues x and
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the state 1)) = ePx%/2h|x) is CSIR-NET
[TIFR 2024] b b 3. ¢ 4. ¢ 5 a
(a)x+g (b)x—% a7, 8. a |9 b |10.c
11.a 12. ¢ 13.a 14. a 15.d
()x+a (dx—a 16. b 17. c 18. a 19. b 20. c
21.b 22. ¢ 23. ¢ 24.d 25.b
The momentum operator ih% 26. b 27.d 28. b 29. ¢
acts on a wavefunction ¥ (x). This operator is GATE
Hermitian [TIFR 2020] a c 3.c 4 5.
(a) provided the wavefunction Y(x) is 6. a .od 8. ¢ 9. ¢ 10. a
normalized 11.d  12.c 13.b  14.d  15.b
16.d 17.b 18. ¢ 19.c
(b). provified the w-avefunction PY(x) and JEST
derivate 1’ (x) are continuous everywhere b 4 g 4 b 5 b
(c) provided the wavefunction ¥(x) vanishes as 6. c 7. ¢ 8. b 9. d 10. 0001
x = +oo 11. c 12. b 13. ¢ 14. ¢ 15. ¢
(d) by its very definition TIFR
d b 3. ¢ 4. ¢ 5 b
The state |1p) of a quantum mechanical system, C d
in a certain basis, is represented by the column
vector
1/V2
lPy=| O
1/V2

The operator A corresponding to a dynamical
variable A, is given, in the same basis, by the

matrix
1 1 1
A=(1 2 1)
1 1 2

If, now, a measurement of the variable 4 is made
on the system in the state |y), the probability
that the result will be +1 is

[TIFR 2013]

() 1/V2 ()1

(©)1/2 (d) Y&
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Quantum Mechanics: Perturbation Theory

+» CSIR-NET PYQ’s
1. If the perturbation H' = ax, where a is a
constant; is added to the infinite square well

potential
_(0Ofor 0<x<m
V) = {oo otherwise
The first order correction to ground state energy
is:
[CSIR JUNE 2011]
ar
(@)~ (b)ar
2
© ar @ am
C — —
4 V2

2. The perturbation H'= bx* where b is a

constant, is added to the one-dimensional

: : : 1
harmonic oscillator potential V(x) = Emwzxz.

Which of the following denotes the correction to

the ground state energy to first order in b ?
[CSIR DEC 2011]

[Hint: The normalized ground state wave

function of the one-dimensional harmonic
oscillator potential is
mw~1/4 _max?
o= () ¢ "
You may use the following integral
o N 1
J o x¥tem ¥ dx = a7" 2F<n + E)
3bh? b 3bh?
(a) 4m2w2 ( )2m2w2
3bh? d 15bh?
@) 2mm? w? (@ 4m?2w?

3. A constant perturbation as shown in the figure
below acts on a particle of mass m confined in a
infinite potential well between 0 and L.

.""rl:'ll I I vﬁ-
0 L2 L
The first-order correction to the ground state

energy of the particle is

+

[CSIR DEC 2011]
VO 3VO
@~ ) =~
Vi 3V,
© ORS

4. Consider an electron in a box of length L with
periodic boundary condition Y (x) = Y (x + L).If

the electron is in the
Pe(x) = et
VL
with energy
h2k?
&k = 2m’

what is the correction to its energy, to second
order of perturbation theory, when it is
subjected to weak periodic potential V(x) =
Vocos gx, where g is an integral multiple of the
2r/L?

[CSIR JUNE 2012]
(a) Vieg/ei
h mV¢ ( 1 N 1 )
(b) 2n% \g? + 2kg = g? — 2kg

(OVE (e —&9)/€2
(d) V¢ /(e + sg)

5. The energy eigenvalues of a particle in the

potential
1

V(x) = Emmzxz —ax

are
[CSIR DEC 2012]
£ = (n ) ho g

@)E, = nt3 - 2mw?
b)E,, = ( + 1) ho + =
(B)E, =(n 2 2mw?

1 a?
(OE, = (n + E) hw — ——
(A)E, = (n + —) ho

6. The perturbation
H = {b(a—x) —a< x_< a
0 otherwise
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acts on a particle of mass ' m ' confined in an

infinite square well potential
0 —a<x<a
V(x) = { .
) o otherwise
The first order correction to the ground state

energy of the particle is

[CSIR DEC 2012]
@7 OF:
(c) 2ba (d) ba

Consider a two-dimensional infinite square will
0 0<x<a 0O<y<a

V(ix,y) = , Its
) {oo otherwise
normalized eigenfunctions are
2 Xy MyTy
wnx‘ny xy) = S sin ( a )sm ( : )
where ny, ny, = 1,2,3, If a perturbation

2 2
0  otherwise
is applied, then the correction to the energy of

the first excited state to order V, is

a a
H':{Vo 0<x<=,0<y<-=

[CSIR JUNE 2013]
v, Vo[ 64
@7 ® 7 |15
V 16 V 32
©F |1 5] @7 | 5]

The motion of a particle of mass m in one
dimension is described by the Hamiltonian
2
1
H=L2"4_mw®+ax
2m 2

. What is the difference between the (quantized)

encrgies

of the first two levels? (In the following, (x) is the

expectation value of x in the ground state)
[CSIR DEC 2013]

(a) hw — A(x) (b)hw + A(x)

2

(hw + (Dhw

2mw?

9. A perturbation Vo = al? is added to the

Hydrogen atom potential. The shift in the energy
level of the 2P state, when the effects of spin are
neglected up to second order in q, is

[CSIR DEC 2013]

(@0 (b) 2ah? + a®h*

3
(c) 2ah? (d)ah? + 5 a’h*

10. The ground state eigenfunction for the potential

11.

12.

13.

V(x) = —6(x), where §(x) is the delta function,
is given by y(x) = Ae~*"*|, where A and a > 0
are constants. If a perturbation H' = bx? is
applied, the first order correction to the energy
of the ground state will be

[CSIR JUNE 2014]
b b b
@ ® —
2b b
©— D53
The Hamiltonian H, for a three-state quantum

system is given by the matrix Hy=
1 0 O
0 2 0|When perturbed by H' =

0 0 2

0 1 0

e(l 0 1) where €&1, the resulting shift in
0 1 0

the energy eigenvalue E, = 2 is

[CSIR DEC 2014]
(@)e,—2€ (b) —€,2 €
(c) te (d)+2 €
The ground state energy of a particle of mass m

in the potential VV(x) = V/,cosh G), where L and

V, are constants (with

hZ
Yo > omiz
is approximately
[CSIR DEC 2015]
v, + 0 |2 by v+ Vo
@V L | m (b) Vo L |m
v+ Yo Ay, + - [V
©Vot+ 37 [m DVo+9r [m
A hydrogen atom is subjected to the

perturbation V., (r) =€ cos 2r/a, where qa, is
the Bohr radius. The change in the ground state
energy to first order in € is

[CSIR DEC 2015]
() /4 (b) €/2
(c) —€/2 (d) —€/4
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14. Consider a particle of mass m in a potential
1
V(x) = Emouzx2 + gcos kx
The change in the ground state energy,
compared to the simple harmonic potential

%mwzxz, to first order in g is
[CSIR JUNE 2016]
k?h
(a)gexp e

2k?h d k?h
mw (d) gexp dmw

15. A particle of charge g in one dimension is in a
simple harmonic potential with
frequency w. It is subjected to a time dependent
electric ficld E(t) = Ae~®/D* where A and 7 are
positive constants and wt > 1. If in the distant
pastt — —oo the particle was in its ground state,
the probability that it will be in the first excited
state as t — +oo is proportional to

k?h
(b) gexp <2mw)

(c)gexp <—

angular

[CSIR DEC 2016]
(a)e—%(wl’)z (b)e%((l)‘[)z
1
©0 D ooz

16. A constant perturbation H' is applied to a system
for time At (where H'At K h ) leading to a
transition from a state with energy E; to another
with energy Ef. If the time of application is

doubled, the probability of transition will be

[CSIR JUNE 2017]
(a) unchanged (b) doubled
(¢) quadrupled (d) halved

17. Two identical bosons of mass m are placed in a
one-dimensional potential

1
V(x) = Em(uzx2
The bosons interact via a weak potential
Vi = Voexp [-mQ(x; — x3)?/4h]
where x; and x, denote coordinates of the

particles. Given that the ground state
wavefuntion of the harmonic oscillator is

1 2
Mmw\z max

Yo = (—) e 2

. The ground state energy of the two-bosons

system, to the first order in V/; is
[CSIR June 2013]

-1/2

(&) ho + Vo (1 +%)

ho + Vo (145

©hw +Vy(1+ 2%

18. The Coulomb potential V(r) = —e?/r of a
hydrogen atom is perturbed by adding H' = bx?
(where b is a constant) to the Hamiltonian. The
first order correction to the ground state energy

is (The ground state wavefunction is
R B
na}
[CSIR JUNE 2017]
(a) 2ba (b) ba?
(c) ba§/2 (d) V2myq

19. In the usual notation |[nlm) for the states of a
hydrogen like atom, consider the spontaneous
transitions |210) = [100) and |310) — |100). If
t; and t, are the lifetimes of the first and the
second decaying states respectively, then the
ratio t; /t, is proportional to

[CSIR JUNE 2017]
32\°
@(5)

3
7 ® (5

o) o)

20. Consider a one-dimensional infinite square well

3 3

0 for 0<x<a
%4 = ’
(%) {oo otherwise
If a perturbation
a
AV (x) ={VO for O<x<§,
0 otherwise

is applied, then the correction to the energy of
the first excited state, to first order in AV, is

nearest to

[CSIR DEC 2017]
@)V, (b) 0.16V,
(c) 0.2V, (d) 0.33V,

21. A particle of mass m is constrained to move in a

circular ring to radius R. When a perturbation
a
1= 2 a2
V' = 72 €08 ¢
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22,

23.

(where a is a real constant) is added, the shift in
energy of the ground state, to first ordor in a, is

[CSIR JUNE 2018]
(a) a/R? (b) 2a/R?
(c) a/(2R?) (d) d/(mR?)

The infinite square-well potential of a particle in
a box of size a is modified as shown in the figure

below (assume A < a )
(0.0] o o]

A

I_Es

[

A
The energy of the ground state, compared to the
ground state energy before the perturbation was
added
[CSIR JUNE 2019]
(a) increases by a term of order &

(b) decreases by a term of order ¢
(c) increases by a term of order &2
(d) decreases by a term of order &2

A charged, spin-less particle of mass m is

subjected to an  attractive  potential

1
V(x,y,z) = Ek(x2 +y2 +2?%)

where k is ~a @ positive  constant.

Now a perturbation in the form of a weak
magnetic field B = BOIAc (where B, is a constant)
is switched on. Into how many distinct levels will
the second excited state of the unperturbed
Hamiltonian split?

[CSIR JUNE 2019]
(@5 (b) 4
(c) 2 )1

24. A quantum particle in a one-dimensional infinite

potential well, with boundaries at 0 and a, is
perturbed by adding H' =€ 6(x —g) to the

initial Hamiltonian. The correction to the
energies of the ground and the first excited
states (to first order in € ) are respectively

25.

26.

27.

[CSIR JUNE 2020]
(@)0and 0 (b)2 €/aand 0

(c)0and 2 €/a (d)2€/aand 2/a

The energies of a two-state quantum system are
Ey and Ey + ah, (where a > 0 is a constant) and
the corresponding normalized state vectors are
|0) and |1), respectively. At time t = 0, when the
system is in the state |0), the potential is altered
by a time independent term V such that

1v]0) = &
( '=To
The transition probability to the state |1) at

timest << % is

[CSIR JUNE 2021]
a’t? . a’t?
(@ o% (b) 0
a’t? q a’t?
© 700 @ 250

The |3,0,0) state (in the standard notation
|n,,m) ) of the H-atom in the non-relativistic
theory decays to the state |1,0,0) via two dipole
transitions. The transition route and the
corresponding probability are

[CSIR JUNE 2021]

(@) 13,0,0) - |2,1,—1) = |1,0,0) and%
(b) 13,0,0) - [2,1,1) - [1,0,0) and%
() 13,0,0) = 12,1,0) > 1,0,0) and 5
(d) [3,0,0) - [2,1,0) ~ [1,0,0) andg

At time t = 0, a particle is in the ground state of

the Hamiltonian

2
1

2p_m +3 mo?x? +

Axsin %t where A, w and m are positive constants.
To 0(Q?),

H(t) =

the  probability that at

2T
t=—
w

, the particle would be in the first excited state of
H(t=0)is

[CSIR JUNE 2022]
9)2 b )2
@ 16mhw3 (b) 8mhw3
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28.

29.

30.

31

16)% q 82
© Imhw3 @ 9mhw3
To first order in perturbation theory, the energy
of the ground state of the Hamiltonian
2
p 1 hw mw
H= + —muw?x? + ——— _ P2
> + > mw-x- + NGV exp [ 7 X ]
(treating the third term of the Hamiltonian as a
perturbation) is [CSIR JUNE 2022]
15 B b 17 A
19 B d 21 B

A particle in one dimension is in an infinite

potential well between

For a perturbation &cos (”Tx) where ¢ is a small

constant, the change in the energy of the ground

state, to first order in £ is
_.
28
[CSIR JUNE 2023]

5¢ 10e

@— ) 5~

8¢ 4e

(©) 3 (d) 4 -

A quantum system is described by the
Hamiltonian

H = —Jo, + A(t)oy,
where 0;(i = x,y, z) are Pauli matrices, /] and 4
are positive constants (J > 1) and

0 for t<O
At) =442 for 0<t<T
0 for t>T

Att < 0, the system is in the ground state. The
probability of finding the system in the excited
state att > T, in the leading order in 4 is

[CSIR JUNE 2023]
A2 JjT A2 JjT
2 s 2
(@) _8]2 sin y (b) 1—2 sin y
A? A? JT
—_gipn?2 — o ein2 1o
(0 e sin” — (d) 16/2 sin” —

Consider a particle in a one-dimensional infinite
potential well between 0 < x < L. If a small

32

33.

perturbation, V (x) = Acos (%), (where A1 < 1)
is applied, the firstorder energy correction to
the ground state is

[CSIR MARCH 2025]

(4 (b)0
(©)—2 (d)22
. The ground state wavefunction for the

hydrogen atom is

1 _r
Yo = |—3e %, where q is the Bohr radius.
’na
0

Considering an additional potential H' as a
perturbation to the hydrogen atom
Hamiltonian, given by

e’ [1 1 foro<r<r
H' = 4meglr R or r
0 forr > R

where R is the radius of the proton, R < a,. The
shift in the ground state energy due to H' is

[CSIR JUNE 2025]
e? \4R? b e? R
@) 4meyay ) 3as (b Ameyay ) ag
e? \2R? q e? \2R?
© 4megay ) al (@ 4rtegag ) 3a3

Consider the one-dimensional motion of a
particle of positive charge g confined to an
infinite potential well

Ofor0<x<nm
oo otherwise,

V(ix) = {

which is subjected to a perturbing electric field

E= Eyx. The shift in the ground state energy, to

the first order in g, is [CSIR DEC 2025]
qrE, qrE,
b) —
(@) ® -
(c)qmEy (d) — qmEy
GATE PYQ’s
LetE;(n =
0,1,2,.......... Ybetheenergyeigenval — ues for a

particle of mas m placed in an anharmoic
potential
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1
V(x) = Emwzx2 + ax*,(a > 0).

LetE, = (n + %) The according to the first

order perturbation theory:

[GATE 1996]
(@) Eg = Eo (b) Eg > Ey
(c) Ey < E, (d) Ey < Ey foralln

Let Ey, E5, E; be the respective ground state
energies of the following potentials: which one
of the following is correct?

[GATE 2000]
1 2 | 3
[,'_ I’" [—D |
=)
]'_r__ -I" ].’—ﬂ

(@) Ey; < E, < E3 (b) Es < E; < E,

(c)E, <E;<E; (d)E, <E; <Ej

A particle in the ground state of an infinitely
deep one-dimensional potential well of width a
is subject to a perturbation of the form V =

Vycos? (E)

a
where V) is a constant. Find the shift in energy of
the particle in the lowest order perturbation

theory.
[GATE 2002]

The wave function of a one-dimensional
harmonic oscillator is

—a?x?
o = Ao (=5

for the ground state E,(ax/10)*, the first order
change in the ground state energy is:

[Given :

[F(x +1) = fooo txexp (—t)dt]

[GATE 2004]

(a) (%E(,) 10~* (b) (3E,)10™*

3
(© (55 ) 107 (d) (Eo)10~*

Common data for Q.5, Q. 6 and Q. 7
An unperturbed two-level system has energy
eigenvalues E; and E, and eigen functions (é)

and (2) when perturbed, its Hamiltonian is
E, A
represented b ( ! )
p AW E,
[GATE 2006]

The first-order correction to Ej is:

(a) 44 (b) 24
(04 (do
The second-order correction to E; is
(@0 (b) A

AZ |A|2
© E, —F, (d) E L,

The first-order correction to the eigenfunction

(o) is: : ;
@) (A* J(E, — E2)> (b (1)
@ ()

A" /(Ey — E3)
(c)( .
A particle of mass m is confined in an infinite
potential well

_ (0 if 0<x<L
V) = {oo otherwise
It is subjected to a perturbing potential

. [2mx
V, = Vpsin (T)

within the well. Let E® and E® be the
correction to the ground state energy in the first
and second order in V,, respectively. Which of
the following are true?

[GATE 2010]
@E®M=0,E® <0

M ED >0,E@ =0

(c) E® = 0,E® depends on the sign of V,
<0, <

d)EMW <0,E® <0

The normalized eigenstates of a particle in a one-
dimensional potential well
0 if0<x<a
V(o) ={

o  otherwise
are given by

2 niTx
Y, (x) = \/;sin (T),wheren =123....

The particle is subjected to a perturbation
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10.

11.

, X a
V'(x) =V,cos (?) for0 <x < 5

= 0 otherwise
The shift in the ground state energy due to
perturbation, in the first order perturbation
theory is

[GATE 2011]
2V, o Yo
@5 (b) 3~
VO ZVO
-0 d) — =20
(-3 (d) -5

Consider a system in the unperturbed state
described by the Hamiltonian, Hy = ((1) 2) The

system is subjected to a perturbation of the form

' 6 O .
H' = (5 6)’ where § << 1. The energy eigen

values of the perturbed system using the first
order perturbation approximation are

[GATE 2012]
(@) 1and (1 + 26)

(b) (1 + &) and (1 — &)
(d) (1 + &) and (1 — 28)

A two-level quantum system has energy
eigenvalues E; and E;. A perturbing potential
H' = AAo, is introduced, where A is a constant
having dimensions of energy, 4 is a small

dimensionless parameter, and o, = (2 é)

The magnitudes of the first and the second
order corrections to E; due to H', respectively,
are

[GATE 2025]
(20 and 22 ®) Al 1272
a)0and ———— an
|Eq — Ey| 2 |Eq — Esl
2A2 /12A2
o)|AA and——— (d)0and=——
(c) R N TN

Common Data for Q. 12 and Q. 13:
To the given unperturbed Hamiltonian

52 0
2 50
0 0 2

we add a small perturbation given by

12,

13.

1 1 1
6|1 1 -1
1 -1 1

where § is a small quantity.
[GATE 2013]

The ground state eigen vector of the
unperturbed Hamiltonian is

(@) (1v2,1/+/2,0) (b) (1v2,-1/+/2,0)
(©) (0,0,1) (d) (1,0,0)
A pair of eigen values of the perturbed

Hamiltonian, using first order perturbation
theory, is
(@)3+26,7+26 (b)3+25,2+6

(©) 3,7+ 26 (d)3,2+26

14. A particle is confined in a one-dimensional

15.

potential box with the potential

Vo ={

0 if0<x<a
oo otherwise

If the particle is subjected to a perturbation,
within the box, W = fx where £ is a small
constant, the first order correction to the
ground state energy is

[GATE 2014]
@0 OF
©%L (d) ap
A particle is confined in box of length L as shown

below

'

¥,
T LS2

If the potential V,, is treated as a perturbation,
including the first order correction, the ground
state energy is

[GATE 2015]
2.2 h2r?
@F = 2mlL? Vo (b) £ = 2ml2 2
E_hznz_l_Vo dE_hznz_l_Vo
OF =z T2 DE=Z3
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16. A hydrogen atom is in its ground state. In the

presence of a uniform electric field E= Eoé, the
leading order change in its energy is
proportional to (E,)™. The value of the
exponent is

[GATE 2016]

17. The ground state energy of a particle of mass m
in an infinite potential well is E,. It changes to

Eo(1+ax1073), when there is a small
potential pump of height
m2h?
0~ Somi2

and width a = L/100, as shown in the figure.
The value of a is (up to two decimal places).
[GATE 2018]

AVl x}

—  »¥ ‘ - é!r._
gt

) e

18. An electric field E = EyZ is applied to a
hydrogen atom in n = 2 excited state. Ignoring
spin, the n = 2 state is fourfold degenerate,
which in the |[, m) basis are given by
[0,0),]1,1),|1,0) and |1, —1). The H' is the
interaction Hamiltonian corresponding to the
applied electric field, which of the following
matrix elements is non-zero?

[GATE 2019]
(a) (0,0{H"|0,0) (b) (0,0]H"|1,1)

(c)(0,0|H"|1,0) (d) (0,0|H|1,-1)

19. The Hamiltonian of a system is H = (i —gl)
with € « 1. The fourth order contribution to the
ground state energy of H is ye*. The value of y
(rounded off to three decimal places) is

[GATE 2019]

20. Consider the Hamiltonian A = H, + A’ where

E 0 O

190=<0 E 0) and A’
0 0 E

is the time independent perturbation given by

/0 k0
H =|k 0 k]|, wherek > 0.
0 kK O

If, the maximum energy eigenvalues of H is 3eV

corresponding to E = 2eV, the value of k
(rounded off to three decimal places) in eV is
[GATE 2020]

21. Consider a particle in a one-dimensional infinite
potential well with its wallsat x = 0 and x = L.
The system is perturbed as shown in the figure.

The first order correction to the energy
eigenvalue is

[GATE 2021]
Vo Vo
@ ()
©2 ()2

22. Consider a particle in three different boxes of
width L. The potential inside the boxes vary as
shown in figures (i), (ii) and (iii)) with

h?m?

2mi2

The corresponding ground-state energies of the

particle are E;, E; and E3, respectively. Then

[GATE 2022]

Vo <

(ii) (i)

vo |

(@) E, > E; > E; (b) Es > E, > E,

(0)Ey, >E; > E; () E; >E, > E;
23. A particle of mass m in the x —y plane is
confined in an infinite two-dimensional well
(0,0),(0,L),(L,L),(L,0). The
eigen-functions  of  this  particle are

l/)nxny = %Sin (TleTX) sin (ny:y)

If perturbation of the form V = Cxy, where C is
a real constant, is applied, then which of the

with vertices
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following statements are correct for the first
excited state?
[GATE 2022]
(a) The unperturbed energy is
3m2h?
2mL?

(b) The unperturbed energy is
S5m2h?
2mlL?

(¢) First order energy shift due to the applied
perturbation is zero

(d) The shift (&) in energy due to the applied
perturbation is determined by an equation of the
a—24 b

b a—=6
non-zero constants

form = 0, where a and b are real,

24, A particle of mass m in an infinite potential well

of width a is subjected to a perturbation,

o
40ma?
as shown in figure, where h is Planck’s constant.
0 L 00
1> A

The first order energy shift of the fourth energy
eigenstate due to this perturbation is

hZ
<Nma2>

The value of N is (in integer).

[GATE 2024]
JEST PYQ'’s

If Jx,]y, are angular momentum operators, the
eigenvalues of the operator (]x + ]y)/h are

[JEST 2013]
(a) real and discrete with rational spacing

(b) real and discrete with irrational spacing
(c) real and continuous

(d) not all real

2.

5.

Consider a spin 1/2 particle characterized by the
Hamiltonian H = wS;. under a perturbation
H' = gS§,, the second order correction to the
ground state energy is given by

[JEST 2015]
g° 9°
@ - 10 (b) 10
9° g°
(o) — o (d) o

A particle of mass m is confined in a potential
well given by V(x) = 0 for %L <x< %L/Z and
V(x) = o elsewhere. A perturbing potential

H'(x) = ax has been applied to the system. Let
the first and second order corrections to the

and Eéz),
Which one of the following statements is

correct?

ground state be Eél) respectively.

[JEST 2015]
(@) BV <0and E? > 0

) EM > 0and B > 0
(©EP =0and EY > 0
(M EM =0and ESY <0

Consider a quantum particle of mass m in one
dimension in an infinite potential well, i.e., (x) =
0 for _Ta<x<% and V(x) = o for |x| 2%. A

small perturbation,

2 € |x|
a
is added. The change in the ground state energy
to 0(e) is:

V'(x) =

[JEST 2016]

€ 2 € 2
(@5 =) () 5 (@ +4)

2

en® en®
(O——@"+4) d) - @ -9b
A particle is described by the following
Hamiltonian
P2 1
H = —+ -mw?x? + Ax*
2m 2

where the quartric term can be treated
perturbatively. If AE, and AE; denote the energy
correction of O(4) to the ground state and the

83




6.

first excited state respectively, what is the
fraction AE, /AE, ?
[JEST 2017]

A harmonic oscillator has the following
Hamiltonian

A2 1
HO = f—m + Emwzfcz

It is perturbed with a potential V = A12*. Some
of the matrix elements of in terms of its
expectation value in the ground state are given
as follows:

(0122]0) = C;(0|2%|2) = V2C; (1]22|1)

= 3C; (1|%2|3) = V6C
where |n) is the normalized eigenstates of H,
corresponding to the eigenvlaue E,, = Aw(n +
1/2). Suppose AE, and AE;, denote the energy
correction O(A) of to the ground state and the
first excited state, respectively. What is the
fraction AE, /E, ?

[JEST 2018]

Consider a two-level quantum system described
by the Hamiltonian:

H=H,+H'
where
Hoza(é 2)+w((1) _01),HI=€F(2 (1))

H' is a small perturbation to the free
Hamiltonian H, — € is a small positive
dimensionless number, while @, w and I" have
dimensions of energy and are positive
quantities. If we treat this problem
perturbatively in the parameter €, which of the
following statements about the corrections to
ground state energy is true? [JEST 2023]
(a) First-order correction is €; second-order
correction is

€r?

20w

(b) First-order correction is €l'; second-order
correctionis 0.

(c) First-order correction is 0 ; second-order
correction is
€2T?

2w

(d) First-order correction is 0 ; second-order
correction is
€2 T?

2w

For a one-dimensional simple harmonic
oscillator with mass m and angular frequency
w, consider a perturbation Ax* in the
Hamiltonian (4 > 0). What is the lowest order
correction to the ground state energy?

[The position operator expressed in terms of
the raising and lowering operators is X =

Rora o 4

/% (a+a')] [JEST 2025]
31/ h\2 5A/ h\2

@7 () ® 5 ()
3/1(h>2 d5/’l<h)2

© 2 \mw () 2 \mw

TIFR PYQ's

A charged particle is in the ground state of a one-

dimensional harmonic oscillator potential,

generated by electrical means. If the power is
suddenly switched off, so that the potential
disappears, then, according to quantum
mechanics,

[TIFR 2010]
(a) the particle will shoot out of the well and
move out towards infinity in one of the two
possible directions

(b) the particle will stop oscillating and as time
increases it may be found farther and farther
away from the centre of the well

(c) the particle will keep oscillating about the
same mean position but with
amplitude as time increases

increasing

(d) the particle will undergo a transition to one
of the higher excited states of the harmonic
oscillator

A particle of mass 'm ' and charge ' e ' is in the
ground state of a one-dimensional harmonic
oscillator potential in the presence of a uniform
external electric field E. The total potential felt
by the particle is
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1
V(x) = Ekx2 — eEx

If the electric field is suddenly switched off,
then the particle will

[TIFR 2014]
(a) Make a transition to any harmonic oscillator
state with x = —eE /k as origin without

emitting any photon.

(b) Make a transition to any harmonic oscillator
state with x = 0 as origin and absorb a photon.

() Settle into the harmonic oscillator ground
state with x = 0 as origin after absorbing a
photon.

(d) Oscillate back and forth with initial
amplitude eE /k, emitting multiple photons as it
does so.

A particle is confined in a one-dimensional box
of unit length, i.e. L = 1, i.e. in a potential

_(0if0o<x<1
Vx) = {oo otherwise
LIEIJ -~
li'\f-‘f]
. 1
( 1721

The energy eigenvalues of this particle are
denoted Ey, E4, E,, E3, ...

In a particular experiment, the wavefunction of
this particle, att = 0, is given by

l/)(x)={\/§ - ifo<x<1/2
0 otherwise

If, simultaneously, i.e.at t = 0, a measurement of
the energy of the particle is made, find 100p3,
probability that the
measurement will yield the energy E;.

[TIFR 2016]

where ps; is the

A quantum mechanical system which has
stationary states |1),|2) and |3), corresponding
to energy levels 0eV, 1eV and 2eV respectively, is
perturbed by a potential of the form
V= e|1)(3] + &3)(1]

i eV,0 < e K 1.
The new ground state, correct to order g, is
approximately.

where, in

[TIFR 2017]

@(1-3)ID+513) O [1)+2[2) —<l3)

& &€
©I1) +513) (@ 11)=313)

A particle of mass mis confined inside a box with
boundaries at x = +L. The ground state and the
first excited state of this particle are E; and E,
respectively.

Now a repulsive delta function potential A§ (x) is
introduced at the centre of the box where the

constant A satisfies

1 (hy?
<1 % <Z>
If the energies of the new ground state and the
new first excited state be denoted as E; and E;
respectively, it follows that
[TIFR 2020]
(@) E| > E,,Ey > E, (b)E| = E,, E} = E,

() E1 > Ey,E; = E, (d) E; = E1,E; > E,

The Hamiltonian for a Helium atom is given as

H = H, + H,, where
(f +p3)  2e° 2e?
Ho = 2u - 4megry B 41eyr,
And
o2

B 4megTso

where p is the reduced mass of the electron, ry
and r, are the distance of the electrons from the
nucleus, and r;, is the distance between the two
electrons. The value of the first ionization
potential of the Helium atom is 6eV. What is the
correction due to H; to the ground state energy
of the Helium atom, compared to H, ?

[TIFR 2024]
(a) 29.8eV (b) —29.8eV
(c) 84.2eV (d) —2.6eV

Consider a particle with mass m in a quantum
harmonic oscillator potential with a frequency
w, such that its Hamiltonian is

ﬁZ meerZ

H =
2m+ 2

The Hamiltonian is perturbed by adding a term
to the potential AH = Asin %
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% Answers key

11.
16.
21.

where A is small compared to Aw. The relative
change in the ground state energy, to the
leading order in A/(hw) is given by:

[TIFR 2025]

AZ
@0(Gioy?)

()0 ((ff—w))

@0

(d) The ground state energy does not change

CSIR-NET
a 2. a 3. b 4. b 5 a
d 7. b 8. d 9. ¢ 10. d
c 12.d 13.d 14.d 15. a
C 17. c 18. b 19. a 20.d
c 22.d 23.a 24.Db 25. ¢
C 27.d 28.b 29. a 30.b
32.d 33.b
GATE
b 2. b 3. 4. c 5 d
d 7. a 8. a 9. a 10. a
12.c 13. ¢ 14. c 15.d
2 17.0.81 18.c 19. 0.125  20.1
c 22.a 23.b 24. 160
JEST
a 3. d 4. a 5 5
5 c 8. a
TIFR
b 3. 00 4. d 5 ¢
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Quantum Mechanics: Spin Dynamics

% CSIR-NET PYQ’s

1.

In a system consisting of two spin-1/2 particles
labeled 1 and 2, let

5 h
SO = _zM®
50

and

OIS0
2

denote the corresponding spin operators. Here
0= (ax, oy, az) and oy, 0y, 0, are the three Pauli
matrices.

(A) In the standard basis the matrices for the

operators 5,51)53(,2) and SS)S,EZ) respectively,

[CSIR JUNE 2011]

R h2 ,_
(a)T((l) —01)’7(01 (1))

,/0 0 0 =i\ /0 0 0 =i
(C)h_OOiofl_oo—10
410 —-i 0 0/)4l0 1 0 O
i 0 0 0 i 0 0 O©
,/0 10 L0 =i 00
(d)h_1oooh_iooo
410 0 0 —i|”4{0 0 0 1
001 0 0 0 10

(B) These two operators satisfy the relation
1 2 1 2 1 2
@{sVs?, 5505 = 55

1 2 1 2
O{sVs?,sPsP =0
©[sVsP,sVsP] = is(Vs?

W@ (W@] —
@[ss5?, 575 = 0

The component along an arbitrary direction A,

with direction cosines (nx, Ny, nz), of the spin

of a spin- 1/2 particle is measured. The result is:
[CSIR JUNE 2012]

h
(@0 () +-n,

h h
OF- 2 (nx,1y.1,) @ + >

In a basis in which the z-component S, of the
spin is diagonal, an electron is in a spin state

_ <(1 + i)/\/€>
v\ e
The probabilities that a measurement of S, will
yield the values 7/2 and —h/2 are, respectively.
[CSIR JUNE 2013]
(@) 1/2 and %2 (b)2/3and 1/3

(c)1/4 and 34 (d)1/3and 2/3

A spin - particle is in the state

s - (1 + i)
Vi1t 3
in the eigenbasis of S? and S,. If we measure S,
the probabilities of getting +; and —g,

respectively, are
[CSIR DEC 2013]

€)) % and %

(c)0and 1

2 9
(b) H and E

1 3
(d) E and H

Let 6 = (07, 0,,03), where 0,, 0, 05 are the Pauli
matrices. If @ and b are two arbitrary constant
vectors in three dimensions, the commutator [a -
G,b -] is equal to (in the following I is the
identity matrix)

[CSIR DEC 2014]
(@) (d-b)(oy+ 0y +03) (b)2i(dxDb) &

(© (@@ b)I (d) |d Il b|I

The effective spin-spin interaction between the
electron spin S, and the proton spin 5, in the

ground state of the Hydrogen atom is given by
H' = as, - 5. As a result of this interaction, the
energy levels split by an amount

[CSIR DEC 2014]
1
() > ah? (b) 2ah?
3
(c)ah? (d) 3 ah?
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e L1 , .
7. The Hamiltonian for a spin- 3 particle at rest is

given by H = E, (0, + ao,), where g, and g, are
Pauli spin matrices and E, and « are constants.
The eigenvalues of this Hamiltonian are

[CSIR DEC 2015]

(@) £EyV1 + a?
(b) +E,VI — a2

(c) Ey (doubly degenerate)
1
(DE, (1 + Eocz)

The Hamiltonian of a spin- % particle in a

magnetic field Bis given by H = —,u§ - 0, where

W is a real constant and ¢ = (ax, Oy, az) are the

Pauli spin matrices. If B = (By, By,0) and the

spin state at time t = 0 is an eigenstate of g,

then of the expectation values (gy), (oy) and (o,
[CSIR JUNE 2018]

(a) Only (o) changes with time

(b) Only (ay> changes with time
(c) Only (o,) changes with time
(d) All three change with time

Two Stern-Gerlach apparatus S; and S, are kept
in a line ( x-axis). The directions of their
magnetic fields are along the positive z - and y-
respectively. Each apparatus only
transmits particles with spins aligned in the
direction of its magnetic field. If an initially

axes,

: .1 :
unpolarized beam of spin- 5 particles passes

through this the
intensities Iy: I¢ of the initial and final beams, I

configuration, ratio of

[CSIR JUNE 2018]
I — - Iy
(@) 16:1 (b) 2:1
(0)4:1 (d)1:0

10. A system of spin- % particles is prepared to be in

the eigenstate of g, with eigenvalue +1. The
system is rotated by an angle of 60° about the x-

11.

12.

13.

14.

axis. After the rotation, the fraction of the
particles that will be measured to be in the
eigenstate of o, with eigenvalue +1 is

[CSIR DEC 2018]
(@1/3 (b)2/3
(©) Ya (d) %
The Hamiltonian of two interacting particles,

one with spin-1 and the other with spin- %, is
given by
H = AS; - S, + B(S1x + Sox),
where S; and S, denote the spin operators of the
first and second particles, respectively, and A
and B are positive constants. The largest
eigenvalue of this Hamiltonian is
[CSIR DEC 2019]

1
(a)E(AhZ + 3Bh) (b) 3Ah? + Bh

(o) % (3Ah% + Bh) (d) Ah? + 3Bh

Consider the Hamiltonian H = Al + Boy + Coy,
where A, B and C are positive constants, I is the
2 X 2 identity matrix and oy, 0, are Pauli
the eigenvector
corresponding to its largest energy eigenvalue is

\% (}1,), then y is

matrices. If normalized

[CSIR JUNE 2022]
B +iC A—iB
@) —=—— () —=—=
VB? + C? VA? + B2
A—iC B —iC
Q) ——= O
VA? + C2 VB?Z + C?
The Hamiltonian for a spin- 1/2 particle in a

magnetic field B = Byk is given by H=2S - B,
where S is its spin (in units of 2 ) and A is a
constant. If the average spin density is (S) for an
ensemble of such non- interacting particles, then

(S5 [CSIR JUNE 2022]

A A
(a)%BO<Sx) (b)%BO(Sy)

A A
(C) - E B0<Sx> (d) - E B0<Sy>

A quantum described by the

Hamiltonian

system is
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15.

16.

17.

H=]S,+ 1S,
where §; = gai and o;(i = x,y,z) are the Pauli
If 0<A<K]J, then the leading
correction in A to the partition function of the

system at temperature T is
[CSIR DEC 2023]

matrices.

@ hA2 Jh )

— ﬂl(————
2kyT 0 \2kpT
(5ter)
2kT

hA? h( Jh )
20kT O 2k, T

. h( Jh )
sin 2k,T

The normalized wave function of an electron is

) 3 5
PY(@) = R(r) l ngf’(é’, P)x- + #YE(B, O+ |-

where Y] are the normalized spherical
harmonics and y, denote the wavefunction for

2

by tanh
®) k7 tan

©

hA2
2JkgT

(d)

the two spin states with eigenvalues + § h. The

expectation value of the z component of the
total angular momentum in the above state is

[CSIR DEC 2023]
@->h (b)>h
(©—=2h (d)2h

An electron is in the spin state 1)) = %(i‘) in

the $, basis. A measurement of $, is made on
this state. The probabilities of getting #/2 and
—h/2 are

[CSIR DEC 2024]
12 b 13
@33 "33
11 d 34
@32 @377

A spin- % system is prepared in the initial state
V3 1

—|H+=!

~ID+510

where | T &

| 1) are eigenstates of S, with eigenvalues

lp) =

h h . P
+3 & — 5 respectively. A measurement of S, is

followed by a measurement of S, on the system.

What is the probability that the measurement of

S, yields a value + ; ? [CSIR JUNE 2025]
1 2++3
- b
@ > (b) )
2—-+3 3
d —
© 2 (d) 3

18. A spin- % particle is in a magnetic field B=

®
0.0

1.

B,X + B,y for which the spindependent
Hamiltonian is A = —AS - B (A is a positive

constant and S is the spin-operator). The
eigenvalues of the Hamiltonian are
[CSIR JUNE 2025]

h h
(a)iAE(Bx+By) (b)J_rAE /BxBy

(o)t Ag(B,% + Bg)% (d)0

GATE PYQ’s
A spinless particle moves in a central potential
V(r)

[GATE 2001]
(a) The kinetic energy and the potential energy
of the particle cannot simultaneously have sharp
values

(b) The total energy and the potential energy of
the particle can simultaneously have sharp
values

(c) The total energy and the square of the orbital
angular momentum about the origin cannot
simultaneously have sharp values.

(d) The total energy of the particle can have only
discrete eigenvalues

In a Stern-Gerlach experiment, the magnetic
field is in +z direction. A particle comes out of
this experiment in | + Z T) state. Which of the
following statements is true?

[GATE 2002]
(a) The particle has a definite value of the y-
component of the spin angular momentum

(b) The particle has a definite value of the
square of the spin angular momentum
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(c) The particle has a definite value of the x-
components of spin angular momentum

(d) The particle has definite values of x-and y-
components of spin angular momentum

An electron is in a state with spin wave function
_ (w/§/2
¢s =
1/2
the probability of finding the z-component of its
spin along the —Z direction?

) in the S, representation. What is

[GATE 2002]
(@ 0.75 (b) 0.50
(c) 0.35 (d) 0.25

A spin half particle is in the state S, = /2. The

expectation values of S, 5%, S, S7 are given by
[GATE 2003]

(a) 0,0,A%/4,h% /4 (b) 0, A% /4, h? /4,0

(c) 0,h2/4,0,h? /4 (d) h2/4, h2/4,0,0

1 : .
For a spin —~ particle, the expectation value of

SxSyS;, where sy, s, and s, are spin operators, is

[GATE 2005]
in3 " in3
(@ 3 (b) 8
in3 ] in3

Which one of the following relations is true for
Pauli matrices oy, 0y, and g, ?

[GATE 2006]
(@) o0y, = 0,04 (b) ox0y, =0,

(c) oxoy = i0y, (d) ox0y, = —0,,04
For a spin-s particle in the eigen basis of §2, S,

the expectation value (sm|S2|sm) is
[GATE 2010]

@ h?{s(s +21) —m?}

(b) h2{s(s + 1) — 2m?}

(c) h?{s(s + 1) — m?}

10.

11.

12.

(d) h2m?

A spin-half particle is in a linear superposition
0.8| Ty + 0.6] 1) of its spin-up and spin down
states. If | T) and | l) are the eigenstates of o,
then what is the expectation value, up to one
decimal place, of the operator 100, + 50, ? Here
symbols their
meanings

have usual

[GATE 2013]
Y, and W, are two orthogonal states of a spin
1/2 system. It is given that

11 20
1= ﬁ(o) + 5(1)’
1 0 .
where (0) and (1) represent the spin-up and
spin down states, respectively. When the system
is in the state W, its probability to be in the spin-

up state iS......ccceeene
[GATE 2014]

An operator for a spin- 1/2 particle is given by
A=23-B, where

N B
B="(+9)5
ZETY

denotes Pauli matrices and A is a constant. The
eigenvalues of 4 are

[GATE 2015]
(a) +AB/\2 (b) +4B
(c)0,1B (d)0,—-AB

If s; and s, are the spin operators of the two
electrons of a He atom, the value of (s, - 5,) for
the ground state is

[GATE 2016]

(@) —;flz (b) —th

1
©0 (d)- h?
4
0x,0, and o, are the Pauli matrices. The
expression 20,0y, + 0,0y is equal to
[GATE 2016]
(a) —3io, (b) —ia,

(c) io, (d) 3io,
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13.

14.

15.

16.

For the Hamiltonian H = ayl + b - & where ap €
R, b is a real vector, [ is the 2 X 2 identity matrix,
and ¢ are the Pauli matrices, the ground state
energy is

[GATE 2017]
(@) |b| (b) 2ay — |b|
(c) ap — |b| (d) ao
Given the following table,
Group I Group I1

1: wave nature of
particles

P: Stren-Gerlach
experiment

2: Quantization of energy

: Zeeman effect
Q of electrons in the atoms

R: Frank-Hertz 3: Existence of electron
experiment spin
S: Davisson- L
4: Space quantization of
Germer
. angular momentum
experiment

Which one of the following correctly matches
the experiments from Group I to their inferences
in Group II?

[GATE 2018]
(b) P-1,Q-3,R-2,S-4
(d) P-2,Q-1,R-4,S-3

(a) P-2,Q-3, R-4, S-1
(c) P-3,Q-4,R-2, -1

Electrons with spin in the z-direction ( Z ) are
passed through a Stern-Gerlach (SG) set up with
the magnetic field at & = 60° from Z. The fraction
of electrons that will emerge with their spin
parallel to the magnetic field in the SG set up
(rounded off to two decimal places) is

' [GATE 2019]
[oe=( o) o= )ro=(o 2l
S, denotes the spin operator defined

A heoo 1
) (i o)
Which one of the following is correct?
[GATE 2020]
(a) The eigenstates of spin operator S, are | T

e = (o) and | b = (3)

17.

18.

19.

20.

(b) The eigenstates of spin operator S, are

e = (2 and 1 = ()

. 11
(c) In the spin state 5(\5), upon the
measurement of S, the probability for obtaining
o1
|T)x 152
. 1(1
(d) In the spin state 5(\/?) upon the

measurement of S, the probability for obtaining

. 243
| M)y is =5

Consider a spin S = A/2 particle in the state
|p) = %[2 ; l]. The probability that a

measurement finds the state with S,, = +#/2 is

[GATE 2021]
(a)5/18 (b)11/18
(c)15/18 (d)17/18
Pauli spin matrices satisfy [GATE 2022]

(a) 0408 — Og0q = Eqpy 0y
(b) 005 — 00, = 2 €Eupy 0y
(€) 0q0p + 00, =€qpy 0y
(d) 0408 + 00, = 284p

An atom with non-zero magnetic moment has an
angular momentum of magnitude v12A. When a
beam of such atoms is passed through a Stern-
Gerlach apparatus, how many beams does it split
into?

[GATE 2023]
(@3 (b) 7
©9 (d) 25
A spin % particle is in a spin up state along the x-

axis (with unit vector X ) and is denoted as
|1 1

E'E> . What is the probability of finding the

X
particle to be in a spin up state along the

direction %', which lies in the xy-plane and
makes an angle 6 with respect to the positive x-
axis, if such a measurement is made?
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[GATE 2023]
0
b z—
(b) cos 2

=

1 2
€)) > cos

N| D

1 d , 0
(c)zcos (d) cos >

21. An electron with mass m and charge q is in the
spin up state ((1)) attime t = 0. A constant
magnetic field is applied along the y-axis, B =

B,/, where B, is a constant. The Hamiltonian of
_qBy

the systemis H = —hway, wherew =—>0
2m
and oy = ((l) _Ol) The minimum time after

which the electron will be in the spin down
.. 1 1 .
state along the x-axis, i.e, = (1) is
[GATE 2025]

A Vs
@ 30 (b) 10

A T
© o (d) >

22. A system of three non-identical spin % particles
. . A = = =
has the Hamiltonian H = — (S1+S2)- S5,

where §1,§2 and §3 are the spin operators of
particles labelled 1,2 and 3 respectively and 4 is
a constant with appropriate dimensions. The
set of possible energy eigenvalues of the system
is

[GATE 2025]
A

bOA
()05, -5

04 4
@0, 2

03A A 00 3
(00, =, —5 (40, ——-,

N

% JEST PYQ’s

1. Consider asystem of two spin —1/2 particle with
total spin S = §1 + §2, where S; and S, are in the
terms of Pauli matrices o;. the spin triplet
projection operator is

[JEST 2012]
1 3
(a)Z+Sl‘SZ (b)Z—Sl-Sz
3 1
(C)Z‘*‘Sl‘sz (d)Z—Sl-Sz

Consider a spin- 1/2 particle in the presence of a
homogeneous magnetic field of magnitude B
long along z-axis which is prepared initially in a
state | = %G Ty + | 1)) at time t = 0. At what
time t will the particle be in the state —|y) ( ug
is Bhor magneton)

[JEST 2012]
@t mh )t 2mh
a = —_
upB upB
L d
(ot = 2,8 (d) never
1/2
Consider the state | 1/2 | corresponding to the
1/42

angular momentum [ = 1 in the L, basis of states
withm = +1,0, —1.1f L2 is measured in this state
yielding a result 1, what is the state after the
measurement

[JEST 2013]
1 1/V3
(a) (0) (b)( 0
0 J2/3
0 1/V2
(©) (0) @lo
1 1/V2

What are the eigen values of the operator H =
0 - @, where ¢ are the three Pauli matrices and d
is a vector

[JEST 2013]
(@) ay + ayanda, (b) ay + a, * ia,

©*(actay+a) (@ +dl
Suppose a spin 1/2 particle is in the state,
11+ i]

) =7l

If S,(x component of the spin angular

momentum operator) is measured what is the
probability of getting + g ?
[JEST 2014]
1 2
@3 OF

(©2 (=
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6.

7.

Consider a three-state with energies E,E and
E —3g (where g is a constant) and respective
eigenstates

1 (1 1 (1
Y1) = ﬁ<—(1)), [Yp,) = ﬁ(£2>, [¥3)

1 1
-5()

If the system is initially (at £ = 0) in state

1
|1/)1) = <0>
0

What is the probability that at a later time 't '

0
system will be in state|1/Jf> = <O>
1
[JEST 2014]

(a)o

4 3gt
_cinl (2
(b)gsin ( 2h>

4 3gt
_ 2122 °
() g cos ( 2h )

4 E —3gt
—gin2
(d) gsin ( 2h )
A spin-1 particle is in a state |y) described by the

column matrix

(\/%_0) (2,v2,2i}

in the S, basis. What is the probability that a
measurement of operator S, will yield the result
h for the state S,|y) ?

[JEST 2016]

@5 (b)

1 1
©5 (dz

If the direction with respect to a right-handed
Cartesian coordinate system of the ket vector
|z, +) is (0. U. 1), then the direction of the ket
vector obtained by application of rotations:

. 7T . 7T
exp (—lO’Z E) exp (—lO'y Z)
on the ket |z, +) is (O'y, o, are the Pauli matrices
):
[JEST 2016]

(@) (0,1,0) (b) (1,0,0)

10.

11.

12.

13.

(1,1,0)
V2

(1,1,1)
V3

© (d)

If
1
p= [[+ﬁ(0'x+0'y+0'z]/2

, where ¢’ s are the Pauli matrices and I is the

identity matrix, then the trace of p2°%7 is

[JEST 2017]
(a) 22017 (b) 2—2017
©1 OF

What is the difference between the maximum
and the minimum eigenvalues of a system of two
electrons whose Hamiltonian is H + ]§1-§2,
where 51 and §2 are the corresponding spin
angular momentum operators of the two

electrons?

[JEST 2018]
@]/4 (b)]/2

(c)3]/4 (d)]

For a spin % particle placed in a magnetic field B,
the Hamiltonian is H = —YBS, = —wS,,, where
Sy is the y-component of the spin operator. The
state of the system at time t = 0 is [ (t = 0)) =

|+), where

h
St) = £514)
At a letter time t, if S, measured then what is the
probability to get a value — g ?
[JEST 2019]

(a) cos? (wt) (b) sin? (wt)

©0 (d)sin? (%)

Let M =21+ oy +ioy, + 0, is a 2 X2 square
matrix, where, g, denotes a™ Pauli matrix, and
I denotes the 2 X 2 identity matrix. It is given
that |u) = (é) and |v) = (_11) are column vectors.

What is the value of (u|vVM|v) ?
[JEST 2022]

Consider a spin-1 system whose .§Z eigenstates
are given by | — 1),]0),| + 1) corresponding to
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14.

15.

16.

the eigenvalues —#, 0, 2. The normalized general
state |Y) of the system can be expressed as

W) = c_al = 1) +¢o|0) + ciq| + 1),
and c_q, ¢y, c41 are complex numbers. Subjected
to the condition (1/)|§Z|ll)) = 0, which of the
following statements is true?

[JEST 2023]

@) lc41l? + 2l = 1

(©) 2le_1* + lepq* =1
() le—q >+ 2]co|* = 1
(d) 2le_1* + leol? =1

Consider the operator S-n with eigen kets | +)5
and eigenvalues + g where 7 is a unit vector and
S is the spin operator. A partially polarized beam
of spin- % particles contains a 25-75 mixture of

two pure ensembles, one with | +); and the
other with |+4); respectively. What is the

ensemble average of STx ?
[JEST 2023]

@3 (b)3

1 3
(O (d) 5
A spin-1 particle is in a state |y) described by the

column matrix

1
—{2,V2,2i
(=)@ V22
in the S, basis. What is the probability that a

measurement of operator S, will yield the result
h for the state S,|)?
[JEST 2016]

@5 OF

©7 OF

A two-level quantum system has the
HamiltonianH = hw, (0 1)

1 0
Att = 0, the system is in the state|i(0)) =

((1)) What is the earliest time t > 0 at which a

measurement of g, = ((1) _2) will yield the

value -1 with probability one?
[JEST 2024]

®
0‘0

T
(d) Zag

s
(© oy
TIFR PYQ's
The state |i) of a quantum mechanical system,
in a certain basis, is represented by the column
vector

1/V2

W)= ©

1/V2
The operator A corresponding to a dynamical
variable A, is given, in the same basis, by the

matrix
1 1 1
Az(l 2 1)
1 1 2

If, now, a measurement of the variable A4 is made
on the system in the state |y), the probability
that the result will be +1 is

[TIFR 2013]

() 1/v2 ()1

(©)1/2 (d) %

Consider the Hamiltonian

H=fo-x
Here X is the position vector, f is a constant and
o= (ax, Ty, az), where o,, ay,0, are the three
Pauli matrices. The energy eigenvalues are

[TIFR 2014]
@f(VaZ+y2+z) ) f(xLiy)

(© £fJxZ+y2+22

In a Stern-Gerlach experiment with spin- 1/2
particles, the beam is found to form two spots on
the screen, one directly above the other. The

(d+fx+y+2)

experimenter now makes a hole in the screen at
the position of the upper spot. The particles that
go through this hole are then passed through
another SternGerlach apparatus but with its
by 90 degrees
counterclockwise about the axis of the beam
direction. Which of the following shows what
happens on the second screen?

magnets rotated

[TIFR 2014]
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(a) (b
@
o -
- ?
(] (d) ‘
o —o-—.-l

4. The state |¥) of a spin-1 particle is given by

‘P—l<1 1)+ 11,0 in+ 1,1 Zin)
|>_\/§|l )ll)exp3 |;>exp3

where |S, Ms) denote the spin eigenstates with
eigenvalues h2S(S + 1) and AMj respectively.
Find (S,), i.e. the expectation value of the x
component of the spin.

[TIFR 2018]

5. The Hamiltonian of a spin- 1/2 particle in a
magnetic field Bis given by H = —u§- B, where
the components of the spin operator S have
eigenvalues +7/2. The spin is pointing in the +%
direction, when a magnetic field B= By is
turned on. After a time t = /2uB, the spin will
be pointing along the direction

[TIFR 2021]
(a) +2
() —%

(b) =2
)%+ 2

6. Consider an electron with mass m,, charge —e
and spin 1/2, whose spin angular momentum

operator is given by .S%zgc?This electron is
placed in a magnetic field B = B+ Byj+ Bk,
where all three components (Bx, By, BZ) are
nonvanishing. At time t = 0, the electron is at
restinthe S, = h/2 state. The earliest time when
the state of the spin will be orthogonal to the

initial state is

[TIFR 2023]
2m,

ge|B|

(@)

(b) infinity, i.e., it will never be orthogonal.

4m,
ge|B]|

©

(d) dependent on the direction of the magnetic
field B

« Answers key

CSIR-NET

c/d 2. d 3. d 4. b 5 d
. a 7. a 8. c 9. c 10. d
11. a 12. a 13.d 14.d 15.b
16. 3 17.b 18. c
GATE
a b 3. d 4. ¢ 5 a
. C . a 8. 76 /9. 066 10.b
11. b 12. ¢ 13. c 14. b 15. 0.25
16. d 17.d 18.bd | 19.b 20.d
21.b 22.a
JEST
1. c a 3. b 4. d 5 c
6. b . d 8. b 9. b 10.d
11.d 12.1.73 13.d 14. b 15.d
16.d
TIFR
1. d 2. C 3. d 4. 5 a
6. b

95




Quantum Mechanics: Approximation Method

% CSIR-NET PYQ’s

1.

2.

A particle in one dimension moves under the
influence of a potential V(x) = ax®, where ais a
real constant. For large n the quantized energy
level E,, depends on n as:

[CSIR JUNE 2011]
(b)E, ~ n*/3

(d) E, ~n3/?

(a) En ~n?
(C) En ~nb/>

A variational calculation is done with the

normalized trial wavefunction
V15
_ 2 _ .2
lp(X) - 4(15/2 (a X )

for the one-dimensional potential well

0 if |x|<a
V) = {oo Iif||x| >a
The ground state energy is estimated to be
[CSIR JUNE 2012]
5h? 3h?
@) 3ma? (®) 2ma?
3h? 5h?
© 5ma? @ 4ma?

What would be the ground state energy of the
Hamiltonian

H= ——T—acY(x)

if vibrational principle is used to estimate it with

the trial wavefunction Y (x) = Ae~b** with b as
the variational parameter?
[CSIR DEC 2012]

1 1
n_il" (Tl s E)]
(b) —2ma? /mh?
(d) ma?/mh?

[Hint:
J 2 xZne=2b gy = (2b)"

(a) —ma?/2h?
(c) —ma?/mh?

The bound on the ground state energy of the
Hamiltonian with an attractive delta-function
potential, namely

h? d?

A= omae ~®

using the variational principle with the trial
Y(x) = Aexp (—bx?) is
e ttqdt=T(a+ 1)

[CSIR JUNE 2013]
(b)—ma?/2mh?
(d—ma? /\/5mh?

wavefunction
[Note: f

(a) —ma?/4mh?

(c) —ma?/mh?

5. Consider a particle of mass m in the potential

V(x) = a|x|,a > 0. The energy eigen-values
E,(n=0,1,2,...),inthe WKB approximation, are

[CSIR DEC 2014]
@ [z (" +3)]

® [ (+3)

O30}

@[ (n+3)

The ground state energy of the attractive delta
function potential V (x) = —b5(x), where b > 0,
calculated with the variational trial function

Aeos ™"
D) ={ cos o,
0,

1/3

2/3

4/3

for —a<x<a,

otherwise,
is
[CSIR DEC 2014]
mb? 2mb?
@ - = (b) — Prvy
mb? mb?
(©)— P (d — yrre

The ground state energy of a particle in the
potential VV(x) = g|x|, estimated using the trial
wavefunction

€ (g2 — 2
as @i x < lal (where g and
0, x = |al

c are constants) is

15 hZ 2\ 1/3 5 h2g2 1/3
()—<m> (b)€<m>

3h221/3 7h221/3
(c)1< Tf) <d)§( nf)

The energy levels for a particle of mass m in the
potential V(x) = a|x|, determined in the WKB
approximation

\/ﬁff E - V(x)dx—(n+ )fm

Y =

[CSIR DEC 2015]
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10.

where a,b are the turning points and n =
0,1,2,...), are

[CSIR JUNE 2016]
rhAta 1713
@ = | (n+3)]
= (n )]
@ = [+ %)]2/3
@ = [ (n3)]

The ground state energy of a particle of mass m
in the potential

h?p
vV = —x*
(x) o~
normalized trial

estimated the

wavefunction

using

a1/

Y(x) = (—) e~ox*/2 g

T

ad . 2 1
d 2,—ax” —
\Jnf‘w a4 2a

[Use
and

[CSIR JUNE 2016]

3 8
_~ _»r2p1/3 _ 32p1/3
@) th B (b) 3mh B

2 3

— Y VK d) — K2B1/3
(518 (d) o—1?B
Using the trial function

_(A(@*—-x?) ,—-a<x<a
Yo = { 0; ; otherwise

the ground state energy of a one-dimensional
harmonic oscillator is

[CSIR JUNE 2017]
(Dhw (b) jghw
1h d 5h
(C)E w () ; w

11.

12,

13.

14.

15.

The energy eigenvalues E,, of a quantum system
in the potential V =cx® (where ¢ >0 is a
constant), for large values of the quantum
number n, varies as

[CSIR DEC 2017]
(a) n4/3 (b) n3/2
(C) ns/4 (d) né/5
The n-th energy eigenvalue E, of a one-
dimensional Hamiltonian
2
H=2 4 x*
2m

(where 1>0 is a constant) in the WKB
approximation, is proportional to
[CSIR JUNE 2018]

4/3

4/3 1
) <n + E) 22/3

@ (n + %) /3

5/3

© (n + %) 23

1\5/3
@ (n+§) 22/3

A one-dimensional system is described by the
Hamiltonian
2
p
H=—+21
2m+ &l

where 4 > 0. The ground state energy varies as
a function of A as

[CSIR DEC 2018]
(a) 15/3 (b) 12/3
(C) /'14/3 (d) /'{1/3
The Hamiltonian of a particle of mass m in one-

dimension is
1
H=— 2 y 3
S Po T Al
where 4 >0 is constant. If E; and E,,
respectively, denote the ground state energies of
the particle forA=1and A =2

. . . . Ep .
(in appropriate units) the ratio E—Z is best
1

approximated by
[CSIR JUNE 2021]
(a) 1.260 (b) 1.414
(c) 1.516 (d) 1.320
Using a normalized trial wavefunction ¥ (x) =

Vae=®*I ('@ is a positive real constant) for a
particle of mass m in the potential V(x) =
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—A8(x), (A > 0), the estimated ground state
energy is

[CSIR JUNE 2024]
mA? mA?
@ =% ®) Tz
mA? q mA?

. The Hamiltonian of a particle of mass m is given
by
2
4
H=—+V
5 TV

with
—axforx <0
V) = { Bx forx >0
where a, 8 are positive constants. The n
energy eigenvalue E,, obtained using WKB
approximation is

3/ p2\"? 1
B = 2( ) m(n=3)f@p

2m
=12,...)
The function f (e, 8)is  [CSIR JUNE 2024]
a?p? apf
@ 2@+ 59 Sy
+ 1 |a? + B2
0 F @ [=3F

% JESTPYQ

Consider a particle confined by a potential
V(x) = k|x|, where k is a positive constant. the
spectrum E, of the system, within the WKB

A(a®? —x?)%/? for|x|<a
1/)()—{( ) for:x:>a
The ground state energy E,, is estimated by
calculating the expectation value of energy with
this trial wave-function. If E is the true ground
state energy, what is the ratio E,,, /E, ?

[TIFR 2018]

2. Consider a particle of mass m in a quartic
potential H = s ax*

If we take a Varlatlonal wavefunction

PY(x, ) = e **with 2> 0 and try to estimate
the ground state energy, the value of A should be
chosen as

[You may use the integral

40
f dx(A + Bx? + Cx*)e =’

VT

where 4, B, C and A > 0 are all constants.]

[TIFR 2023]
1/3 1/3
QI ® ()
1/3
()" | e

+ Answers key ‘

CSIR-NET
1. b 2. b 3. ¢ 4. ¢ 5 b
6. d 7. a 8. b 9. d 10. b
11.b 12. a 13. b 14.d 15.d
16. b

EST PY
approximation, is proportional to 1 ] Q
JEST 2017] 'b
3/2 1,2/3 TIFR
@ (n+3) ) (n+3) L zb
TIFR- Q.1 —
1/2 1\ 4/3 8m
©(n+5) @ (n+5)

% TIFR PYQ’s

1. Given a particle confined in a one-dimensional
box between x = —a and x = +a, a student
attempts to find the ground state by assuming a
wave-function
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Quantum Mechanics: Identical Particles

% CSIR-NET PYQ
1. The minimum energy of a collection of 6 non-

: : . 1 :
interacting electrons of spin — > placed in a one

dimensional infinite square well potential of
width L is

[CSIR DEC 2012]
(a) 14m2h? /mL? (b) 91m2h? /mL2

(c) 7m?h? /mL? (d) 3m%h%/ml?

2. Consider two different systems each with three
identical non-interacting particles. Both have
single particle states with energies ¢,,3¢g, and
5¢&p, (¢p > 0). Onc system is populated by spin%
fermions and the other by bosons; What is the
value of Eg — Eg where E;, and Eg are the ground
state energies of the fermionic and bosonic
systems respectively?

[CSIR JUNE 2013]
(@) 6¢g (b) 2¢&
(c) 4¢o (d) &

3. Three identical spin —% fermions are to be

distributed in two non-degenerate distinct
energy levels. The number of ways this can be

done is

[CSIR DEC 2013]
(a) 8 (b)4
(©3 (d) 2

4. Consider a system of two non-interacting
identical fermions, each of mass m in an infinite
square well potential of width a.

(Take the potential inside the well to be zero and
ignore spin). The composite wavefunction for
the system with total energy

_ 5m*h?

"~ 2ma?
Is [CSIR JUNE 2014]

(a)%[sin (%) sin (27262)

— sin (27?1) sin (%)]

5.

(b) 2 [sin (%) sin (27262)

+ sin (27?1) sin (%)]

(o) g [sin (%) sin <3nx2)

A particle of mass m is confined in a three-
dimensional box by the potential
_ (0, 0=sxy,z<a
Vixyz) = {00, otherwise
The number of eigenstates of Hamiltonian with
energy

9n’m?
2ma?
is
[CSIR JUNE 2018]
(@1 (b) 6
(©3 (d) 4

: . o B .
Three identical spin . particles of mass m are

confined to a one-dimensional box of length L,
but are otherwise free. Assuming that they are
non-interacting, the energies of the lowest two

. . . w2h?
energy eigenstates, in units of ~o are
[CSIR DEC 2018]
(@)3and 6 (b) 6and 9
(c)6and 11 (d)3and9

o1 . ,
Two spin- > fermions of mass m are confined to

move in a one-dimensional infinite potential
well of width L. If the particles are known to be

in a spin triplet state, the ground state energy of
h2m?

the system (in units OmeLZ ) is

[CSIR DEC 2019]
(a)8 (b) 2
(©3 (d5
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.1 : .
8. Spin 3 fermions of mass m and 4m are in a

harmonic  potential V(x):%kxz. Which

configuration of 4 such particles has the lowest
value of the ground state energy?

[CSIR JUNE 2020]
(a) 4 particles of mass m

(b) 4 particles of mass 4m

(¢) 1 particle of mass m and 3 particles of mass
4m

(d) 2 particles of mass m and 2 particles of mass
4m

The energy levels available to each electron in a
system of N non-interacting electrons are E,, =
nEyn = 0,1,2,---. A magnetic field, which does
not affect the energy spectrum, but completely
polarizes the electron spins, is applied to the
system. The change in the ground state energy of
the system is

[CSIR JUNE 2023]
n?E,
(@) — (b) n*E,
n?E, n?E,
© 3 (d) 7

10. The number density of a mono-atomic gas is
1018 m~3. The temperature at which the
thermal de Broglie wavelength of the atoms
(which have mass m ) equals the average inter-

atomic separation, is

[CSIR JUNE ASSAM 2019]
2 2
12 10
(@) G X 107K (b) Zo x 100K
2 2
9 11
(© Zmies ¥ 10°K (@ Zre ¥ 107K

: L : .1 :
11. Two non-interacting identical spin — > particles,

each of mass m, are placed in a two-
dimensional infinite square well of side L. The
single-particle spatial wavefunction is given by

oy 029) = 2sin (%) i (22

12.

13.

14.

where n,, and n,, are positive integers. If the

particles are in a total spin state [j = 1,m = 0),
the lowest possible energy eigenvalue is

[CSIR JUNE 2025]
5h2m?2 b h2m?
@2z b) 1z
2h2%m? q 7h2m?
Oz @ Sz

A particle of mass m is in a cubic box of size a.
The potential inside the box (0 < x < a,0 <
y < a,0 <z < a) is zero and infinte outside. If

the particle is in an eigenstate of energy E =

1472h2 . .
its wave function is:

2ma?’
[CSIR JUNE 2012]

_ (2)3/2 . 3nmx | 5Smy . 6mz
@y = - Sify=—=sin —=sin —
b _(2)3/2 _ 7mx  4my  3nz
(b)y = a sin 1 sin 7 sin a

A (2)3/2 . 4mx  8my | 2mz
Oy = p sin 7 sin 7 sin 7

3/2

d _() . mx | 2ny . 3mnz
(dy = 3 sin —sin —=sin —

The Hamiltonian of two interacting particles,
one with spin-1 and the other with spin- %, is
given by

H = AS; - S; + B(S1x + S2x),
where S; and S, denote the spin operators of
the first and second particles, respectively, and
A and B are positive constants. The largest
eigenvalue of this Hamiltonian is

[CSIR DEC 2019]

()5 (AR? + 3Bh) (b) 34A% + Bh

(0) 5 (34R? + Bh) (d) Ah? + 3Bh

The coordinates of two identical particles of spin
0 in one dimension are x; and x,, respectively.
Which of the following

functions is an admissible wavefunction for the

two-particle system?
[CSIR Dec. 2019]

(b) i ei(k1x1+k2x2)e_%(x1+x%)
a
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1
(©) 1 ei(k1x1+k2x2)e—m(x%+x%/4)
2ma

_ 1 (24,2

(@) 75 (1 = x)e 220E 1)

15. A one-dimensional box contains one spin 0
particle and four spin — % particles. All particles
have the same mass, hence the single particle
energies are E,, = n?E,n=1,2,3, ... The
energies of the ground and the first excited
states of the system of particle energies of the
system of particles are, respectively.

[CSIR Dec. 2019]

(a)10Eand 12 E (b)11Eand 20 E

(c)11Eand 14 E (d)10Eand 13 E

16. A system consists of two non-interacting
identical spin- % particles. The spatial wave

functions for the individual particles are given
by ¢4 (x) and ¢, (x). Let x; and x, denote the
positions of the particles respectively. The total
wave function of the system (not necessarily
normalized) can be [CSIR JUNE 2025]

@)[@1(x1)@2(x2) — @2 (x1) @1 (I Tl )2 +
| 1l T)2]

(b)[@1 (x1) @1 (x2) + @2 (x1) @2 ()| 1] 1)
(@1 (x) @2 (x2)| Tl )2

(D@1 (x1)@2(x2) — @2(x1) @1 (xDI[IT)1] 1)z —
V1l T)2]

% GATE PYQ
1. Two particles are 'said to be distinguishable
when
[GATE 2001]
(a) the average distance between them is large
compared to their de Broglie wavelengths

(b) the average distance between them is small
compared to their de Broglie wavelengths
(c) they have overlapping wave packets

(d) their total wave function is symmetric
under particle exchange

2. Two spin §1 and §2 interact via a potential
V(r) =§1-§2V0(r). The contribution of this

potential in the singlet and triplet states,
respectively, are

[GATE 2004]
3 1
(@) =5 Vo(r)and Vo (r)
1 3
(b) > Vo(r)and — 5 Vo(r)
1 3
(o) 7 Vo(r)and — 7 Vo(r)
3 1
(d) = 7Vo(r)and 2 Vo (r)
Common Data for Q 3 and Q 4

The one-electron states for non-interacting
electrons confined in a cubic box of side a are
g < & <& <& < gy et

The energy of the lowest state is

[GATE 2004]
h%m?
(a) zero (b) ol
h%m? q 3n%m?
(© ma? (@) 2ma?

The degeneracy (including spin) of the level &5 is
[GATE 2004]

() 2

(©6

(b) 4
()8

It is necessary to apply quantum statistics to a
system of particles if

[GATE 2007]
(a) there is substantial overlap between the
wavefunctions of the particles

(b) the mean free path of the particles is
comparable to the inter-particle separation

(c) the particles have identical mass and charge
(d) the particles are interacting

A particle of mass m is confined in a two
dimensional square well potential of dimension

a. This potential V(x,y) is given by
V(x,y)=0 for —a<x<a and —a<y<a
= elsewhere
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10.

11.

The energy of the first excited state for this
particle is given by

[GATE 2012]
n2h? b 2m?h?
(a) maz ( ) maZ
5m2h? q 41%R?
© 2ma? () ma?

Consider the wave function ¥ = ¢ (#,7,) x, for a
fermionic system consisting of two spin-half
particles. The spatial part of the wave function is
given by,

1

Y1y, 1) = 5 AGY G RX AGIAGI]

Where ¢, and ¢, are single particle states. The
spin part y, of the wave function with spin states

a (+ %) and B (— %) should be

[GATE 2012]
1 1
(a)ﬁ(“ﬁ + Ba) (b) 5(0‘5 — pa)
(©) aa (d) BB

Which one of the following is a fermions?

[GATE 2014]
(a) a particle (b) ,Be’ nucleus
(c) Hydrogen atom (d) Deuteron

The Pauli matrices for three spin-1/2 particles
are 04,0, and a3, respectively. The dimension of
Hilbert space required to define an operator 0 =
0y, X 05 X 03 iS

[GATE 2015]

Consider a system of eight non-interacting,
identical quantum particles of spin- 3/2 in a one

dimensional box of length L. The minimum

e . . m2h?
excitation energy of the system, in units ofm

is

[GATE 2015]

Let the Hamiltonian for two spin 1/2 particles of
equal masses m, momenta p,; and p, and

positions 7 and 7y be
Lo, 1 2 Y a2, 2 >
H = 5P +%p2 +Emw (r{ +r3) + ko
. 0_-’2

where g, and &, denote the corresponding Pauli
matrices, hw = 0.1eV and k = 0.2eV. If the

12.

13.

14.

15.

16.

ground state has net spin zero, then the energy
(ineV)is

[GATE 2015]

A two-dimensional square rigid box of side L
contains six non-interacting electrons at T = 0K.
The mass of the electron is m. The ground state

m?h?

energy of the system of electrons, in units ofm

is
[GATE 2016]

For a spin % particle, let | T) and | |) denote its

spin up and spin down states, respectively. If

1
la) = ﬁ(l ™ML+ THITH
and
1
by =—=( T -1 LI

V2

are composite states of two such particles, which
of the following statements is true for their total
spin§ ?

[GATE 2019]
(@) S =1 for |a), and |b) is not an eigenstate of
the operator $2

(b) |a) is not an eigenstate of the operator $2,
and S = 0 for |b)

(c) S =0for |a),and S = 1 for |b)
(d) S =1 for |a),and S = O for |b)
Three non-interacting bosonic particles of mass

m each, are in a one-dimensional infinite
potential well of width a. The energy of the third

h2m?
excited state of the system is x X —.
ma
The value of x (in integer) is
[GATE 2021]

For a two-nucleon system in spin singlet state,
the spin is represented through the Pauli
matrices g1, g, for particles 1 and 2, respectively.
The value of (g - g,) (in integer) is

[GATE 2021]

A system of five identical, non-interacting
. : . 3. ,
particles with mass m and spin S ls confined to a

one-dimensional potential well of length L. If the
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: 2p2
lowest energy of the system is N :m_Lz' the value

of N (in integer) is

. Consider the wave function ¥ = (7, 7,) x, for
a fermionic system consisting of two spin-half
particles. The spatial part of the wave function
is given by,

1
Y7, 1) = ﬁ [p1(F) P2 (72) + P2 (F1) 1 (72)]

Where ¢, and ¢, are single particle states. The
spin part y, of the wave function with spin
1 1
states a (+ E) and 8 (— E) should be
[GATE 2012]

(a) 5 (@B + fa) (b) 7 (aB — Ba)
(©) aa (d) BB

. The ground state and the first excited state
wave functions of a one dimensional infinite
potential well are y; and W,, respectively.
When two spin-up electrons are placed in this
potential, which one of the following with x;
and x, denoting the position of the two
electrons, correctly represents the space part of
the ground state wave function of the system?

[GATE 2014]

1
(@ ﬁ (11 ()P (x1) — Yo ()12 (7))

1
(b) ﬁ [11 ez (x2) + Y1 ()2 (1) ]

1

© ﬁ (11 (x)2 (1) + P (x2) P2 (x3) ]
1

(d) ﬁ (11 ()2 (x3) — 1 (x2) P2 (x1)]

. If §; and §, are the spin operators of the two
electrons of a He atom, the value of (§; - 5,) for

the ground state is [GATE 2016]
> h? b > h?
(@ -3 ® -5
0 d ! h?
© OF
JEST PYQ

The ground state energy of 5 identical spin- 1/2
particles which are subject to a one-dimensional

simple harmonic oscillator potential of
frequency w is

[JEST 2012]
15 13
(a) 7 hw (b) 7 hw
1
©)5ho (d) 5hw

The spatial part of a two- electron state is
symmetric under exchange. If |T) and |!)
represent the spin up -and spin - down states
respectively of each particle, the spin - part of the
two particle state is.

[JEST 2012]

@D
(®) [ D)
@ UOHID = IDIN/N2
(@ AHID+IDIN/N2

Two electrons are confined in a one
dimensional box of length L. The one-electron
states are given by ¢, (x) = \/2_/Lsin (nmx /L)
what would be the ground state wave function
(x4, x,)f both electrons are arranged to have

the same spin state?
[JEST 2013]

@G x2) = [ sim (%) sin (22)

o (7)o ()]

+ —sin
L

() (xy, x7) = % [% sin (%) sin (ZanZ)

— %sin (Zixl) sin (%)]

(O (x1, x2) = %Sin (%) sin (272352)

@Gz = goin (F2)sin ()

The lowest quantum mechanical energy of a
particle confined in a one-dimensional box of
size L is 2eV. The energy of the quantum
mechanical ground state for a system of three
non-interacting spin-1/2 particles is




[JEST 2014]
(a) 6eV (b) 10eV

(c) 12eV (d) 16Ev
Consider N non-interacting electrons (N ~ Nj)
in a box of sides L,, Ly,L, Assume that the
dispersion relation is €(k) = Ck* where C is a
constant, the ratio of the ground state energy per
particle to the Fermi energy is :

[JEST 2016]

OF OF

3 5
©3 (d)>

Suppose the spin degrees of freedom of a 2-
particle system can be described by a 21-
dimensional Hilbert Subspace. Which among the
following could be the spin of one of the

particles?
[JEST 2017]

@5 (b)3

©3 (d) 2
Suppose the spin degree of freedom of two
particles (nonzero rest mass and nonzero spin)
is described completely by a Hilbert space of
dimension twenty one. Which of the following
could be the spin of one of the particles?

[JEST 2018]

() 2 (b) 3/2

1 (d) %2

Consider a system of 15 non-interacting spin-
polarized electrons. They are trapped in a two
dimensional isotropic

V(x,y) = %ma)z(x2 +y2).

oscillator
The
angular frequency w is such that Aw = 1 in some

chosen unit. What is the ground state energy of
the system in the same units?

harmonic

potential

[JEST 2019]

The smallest dimension of the Hilbert space in
which we can find operators %,p that satisfy
[%,p] = ihis

[JEST 2021]

@1 (b) 3

10.

11.

12.

13.

(c) 4 (d)

A one-dimensional box contains three identical
particles in the ground state of the system. Find
the ratio of total energies of these particles if

.1 . .
they were spin- > fermions, to that if they were

bosons.
[JEST 2021]
@1 OF
()2 OF
Consider eight electrons confined in a 1D box of

length d. What is the minimum total energy for

the system allowed by Pauli's exclusion
principle?
[JEST 2022]
30h? . 15h?
@) md? (®) 4md?
15h? q 15h2
(©) 2md? (@ 8md?
A quantum mechanical particle of mass m is

confined in a one dimensional infinite potential
well whose walls are located at x = 0 and x = 1.
The wave function of the particle inside the well
is Y&)=N[xln x+(1—-x)In(1—-x)] for
some normalization constant . An
experimentalist measures the position of the
particle on an ensemble of a large number of
identical systems in the same state. The mean of

. 1 .
the outcomes is found to be - where n is an

integer. Whatisn ?
[JEST 2024]

Consider 5 identical spin 1/2 particles moving
in a 3 -dimensional harmonic oscillator
potential,

1 1
V(r) = Emwzrz = Emmz(xz +y% +2%)

The degeneracy of the ground state of the

system is [JEST 2022]
(a) 20 (b) 7
()5 (d) 32
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14. Consider a particle of mass m moving inside a

15.

two dimensional square box whose sides are
described by the equations x = 0,x = L,y =
0,y = L. What is the lowest eigen value which
changes sign under the exchange of x and y ?
[JEST 2012]
(a) h?/(mL?) (b) 3r%/(2mL?)

(c) 5h2%/(2mlL?) (d) 7h%/(2mlL?)
What is the difference between the maximum
and the minimum eigenvalues of a system of
two electrons whose Hamiltonian is H + ]§1 .
§2, where §1 and §2 are the corresponding spin
angular momentum operators of the two
electrons?

[JEST 2018]
(@]/4 (b)]/2
(c)3]/4 (d]
TIFR PYQ

Two identical non-interacting particles, each of

mass m and spin % are placed in a
onedimensional box of length L. In quantum
mechanics, the lowest possible value of the total
energy of these two particles is €. If, instead,
four such particles are introduced into a similar
one-dimensional box of length 2L, then the
lowest possible value of their total energy will be
[TIFR 2011]
(a) 2¢ (b) 5¢¢/4

() 3€0/2 (d) €

1000 neutral spinless particles are confined in a
one-dimensional box of length 100 nm. At a
given instant of time, if 100 of these particle have
energy 4€, and the remaining 900 have energy
225€,, then the number of particles in the left
half of the box will be approximately

[TIFR 2015]

(a) 625 (b) 500

(c) 441 (d) 100

Consider two spin-1/2 identical particles A and
B, separated by a distance r, interacting through

a potentialV (r) = %§A . §B

where V, is a positive constant and the spins are
§A_B = ¢ = (0y,0y,0;) in terms of the Pauli spin
matrices. The expectation values of this potential

in the spin singlet and triplet states are
[TIFR 2016]

Singlet : — 20 Triplet : -2
(a) Singlet : 3, 1riplet : —

: Vo . Vo
(b) Singlet : —T,Trlplet : p

: 3Vo . Vo
(c) Singlet : T,Trlplet : -

: o .. 3Vo
inglet : ——, Triplet : —
(d) Singlet " Triplet "

A quantum mechanical system consists of a one-
dimensional infinite box, as indicated in the

below.
 FYXXEY
¥,

figures
see

Ey

NN
Db R

4.

3 (three) identical non-interacting spin- 1/2
particles, are first placed in the box, and the
ground state energy of the system is found to be
E, = 18eV. If 7 (seven) such identical particles
are placed in the box, what will be the ground
state energy, in units of eV?

[TIFR 2017]

A system was formed of three spin —1/2
particles A, B and C, respectively and it was
prepared in an initial state
[P) = 1| TTT) + ¢ TTL) 4+ c3] TIT) + ¢4 TU) +
cs| ITT) + cg| 1) + ¢/ WT) + cg] LIl)  where
the symbols | T) and | ) indicate states with S, =
+1/2 (spin-up) and S, =-—1/2 (spin-down)
respectively.
A measurement was made on the system in the
initial state and this identified the spin state of
the particle A to be | l) (spin-down). Now the
expectation value of (S,) for the particle C could
be calculated as

[TIFR 2022]

Cs +C; —Cg — Cg

les|? + lc71? + [cgl? + |cg]?

(@)
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les|? + ley 1?2 — legl? — |cgl?
lcs|? + 7 1% + [cgl? + |cgl?

(b)

(c5 +¢7 —cg —cg)(cs + ¢; — €6 — Cg)
les|? + e 12 + [e6|? + legl?

(©

(cs +¢7)"(cs + ¢c7) — (cg + cg)*(co + Cg)
les|? + lc71? + |cgl? + |cgl?

(d)

6. Three noninteracting particles whose masses
are in the ratio 1: 4: 16 are placed together in
the same harmonic oscillator potential V (x).
The degeneracies of the first three energy
eigenstates (ordered by increasing energy) will
be

[TIFR 2017]
(@111 (b)1,1,2

(© 1,21 (d) 1,2,2

% Answers key

CSIR-NET

. a b 3. d 4. a 5 ¢
6. b . d 8. d 9. d 10. b
11.d 12.d 13.a 14.d 15. ¢
16. a

GATE
1. a 2. d 3. d 4. ¢ 5.
6. d 7. b 8. b 9. 8 10. 5
11.-0.2  12.24 13.d 14. 6 15. -3
16. 17.Db 18.d 19.b

JEST
1. b c 3. b 4. c 5. a

6. d 7. ¢ 8. 55 9. d 10. c

11.c 12. 2 13.a 14. c 15.d
TIFR

1. 2. b 3. b 4. 132 5. b
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Quantum Mechanics: Scattering Theory & Relativistic QM

% CSIR-NET PYQ’s
1. A free particle described by a plane wave and

moving in the positive z-direction undergoes

scattering by a potential V(r) = {0 ifr > R

V, is changes to 2V, keeping R fixed, then the
differential scattering cross-section, in the Born
approximation,

[CSIR JUNE 2012]
(a) increases to four times the original value

(b) increases to twice the original value
(c) decreases to half the original value
(d) decreases to one fourth the original value

In the Born approximation, the scattering
amplitude f(6) for the Yukawa potential

_ur
vy =8
is given by: (in the following
0
b = 2ksin E'E = h?k?/2 m)
[CSIR JUNE 2013]
2mp 2mp
(@ - hZ(u2 + b2)2 (b) h2(a? + b2)
2mp 2mp
© (d

¢ n2 i + b2 ~ R2(u? + b2)3

The scattering amplitude f(6) for the potential
V(r) = e *", where f and p are positive
constants, is given, in the Born approximation by

(in the following b = 2ksin g and
h2k?
E= 2m )
[CSIR JUNE 2014]
ampu ampu
(@) - h2(b2 + p2)2 () - A2b2(b2 + u2)
4mpu 4mpu
©) =7 (d) — 5022
h2./b? + 12 h2(b? + pu?)
In deep inelastic scattering electrons are

scattered off protons to determine if a proton

has any internal structure. The energy of the
electron for this must be at least

Vo ifr<Ry

7.

[CSIR DEC 2014]
(a) 1.25 x 10%V (b) 1.25 x 1012eV

(c) 1.25 x 10%eV (d) 1.25 x 108eV
The differential cross-section for scattering by a

target is given by

do
— 2 2 nne2
dQ(Q,(p) a“ + b“cos“ 6.
If N is the flux of the incoming particles, the

number of particles scattered per unit time is
[CSIR JUNE 2015]

(a)%”N(a2 + b2) (b) 47N (az + %bz)

(c)4nN (1 a? + %bz) (d) 4nN (az + %bz)

2
The Dirac Hamiltonian H = cd - p + fmc? for a
free electron corresponds to the classical
relation E? = p?c? +m?c*. The classical
energy-momentum relation of a particle of

charge g in a electromagnetic potential (¢,;¢T) is
— q
(E—qp)* = c? (p—;
Therefore, the Dirac Hamiltonian for an electron
in an electromagnetic field is
[CSIR JUNE 2015]

e - -
(a)c&-ﬁ+zA‘A+ﬂmc2—e¢

AT)Z + m?c*

(b)ca - (ﬁ + ;Z) + pmc? + e
(o)c (c? -p+ep+ ; |/_l)|) + Bmc?

(d)ca - (ﬁ + Sﬁ) + pmc? — e

A particle of energy E scatters off a repulsive
spherical potential
Vo for r<a
Vir)y=12"°
) {O for r=a
where V,, and a are positive constants. In the low

energy limit, the total scattering, cross-section is
2

1
o = 4ma? (—tanh ka — 1) ,
ka

where
2m

T
In the limit V/; — oo the ratio of ¢ to the classical

k? Vo—E)>0

107




10.

11.

scattering cross-section off a sphere of radius a
is

[CSIR JUNE 2015]
(a) 4 (b) 3
(1 () 1/2

In the scattering of some elementary cross
section ¢ is found to depend on the total energy
E and the fundamental constants h and c using
dimensional analysis, the dependence of o on
these quantities is given by

[CSIR DEC 2015]
hc hc
@ \/; (b) P
hey? hc
© (%) @ —

A particle is scattered by a central potential
V(r) =Vyre ™, where V, and u are positive
constants.

If the momentum transfer g is such that g =
|g| > u, the scattering cross-section in the Born
approximation, as ¢ = oo, depends on g as

[CSIR DEC 2016]
n
[You may use x"e™¥dx = Wf e dx]
(@)q*® (b)q~?
(c) ¢° (d) q°

After a perfectly elastic collision of two identical
balls, one of which was initially at rest, the
velocities of both the balls are non-zero. The
angle 6 between the final velocities (in the lab

frame) is
@6 =3 )6 =n

I I
(c)0<9<5 (d)§<93n

The dynamics of a free relativistic particle of
mass m is governed by the Dirac Hamiltonian
H = ca-p + pmc?, where p is the momentum
operator and a = (ax,ay, az) and S are four
4 X 4 Dirac matrices. The acceleration operator
can be expressed as

12.

13.

14.

15.

[CSIR DEC 2016]

2ic =, o
(a)?(cp — @H) (b) 2ic%ap

ic 2ic
(c)—Ha (d) ———(cp + aH)
h h
the
UF) = 2iVoas® (7 - 1)
where 7. are the position vectors of the vertices

of a cube of Length ' a ' centred at origin

and Vo is constant. If
2

, h
VO a << -
m

Consider potential

, the total scattering cross - section, in the low
energy limit is
muvya®
72

s 16a? (mvya?\’
(a)l6a = 2
64a® <mV0a2>2

64a? (mV,a?
h 2 h?

(b)

(© (d)

A phase shift of 30° is observed when a beam of
particles of energy 0.1MeV is scattered by a
target. When the beam energy is changed, the
observed phase shift is 60°. Assuming that only
s-wave scattering is relevant and that the cross-
section does not change with energy, the beam
energy is

[CSIR DEC 2017]
(a) 0.4MeV (b) 0.3MeV
(c) 0.2MeV (d) 0.15MeV
The differential scattering cross section do/d(}

for the central potential V(r) = ée‘”r, where
and u are positive constants, is calculated in the
first Born approximation. Its dependence on the
scattering angle 8 is proportional to ( 4 is a

constant below).

[CSIR JUNE 2018]
(@ (AZ + sin? g) (b) (AZ + sin? g>_1
(© (AZ + sin? g>_2 (d) <A2 + sin? g>2

In the particle wave expansion, the differential
scattering cross-section is given by
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16.

17.

18.

2

do 5 e
Z (21 + 1)e*tsin 6;P;(cos 6)
1

d(cos 0) -

where @ is the scattering angle. For a certain
neutron-nucleus scattering, it is found that the
two lowest phase shifts §; and §; corresponding
to s-wave and p-wave, respectively, satisfy §; =
0p/2. Assuming that the other phase shifts are
negligibly small, the differential cross-section
reaches if minimum for cos 8 equal to

[CSIR JUNE 2019]

(b) +1

(@0

2 1
(c) —=cos? &, (d) =cos? &,

3 3
The elastic scattering of a charged particle of
mass m off an atom can be approximated by the
poten tial V(r) = %e‘”h, where a and R are
positive constants. If the wave number of the
incoming particle is k and the scattering angle is
20, the differential cross-section in the Born
approximation in:

[CSIR JUNE 2019]

m?a?R*

4h*(1 + k?R?sin? 0)

(@)

m2a2R4
h*(2k?R? + sin? 6)?

(b)

2m?a?R*
h*(2k?R? + sin? 20)

©

Am?a?R*
n*(i + 4k2R2sin? 0)2

(d)

The range of the inter-atomic potential in
gaseous hydrogen is approximately 5A. In
thermal equilibrium, the maximum temperature

for which the atom-atom scattering is
dominantly s-wave, is
[CSIR JUNE 2019]
(a) 500K (b) 100K
(c)1K (d) Imk

A particle with incoming wave vector k, after

being scattered by the potential V(r) = Tiz, goes

out with wave vector k'. The differential
scattering cross-section, calculated in the first

19.

20.

21.

Born approximation, depends on g = |E —k |, as

[CSIR JUNE 2020]
() 1/q* (b) 1/q*
(©1/q (d) 1/¢%7
In an elastic scattering process at an energy E,

the phase shift §, = 30°,6; = 10°, while the
other phase shifts are zero. The polar angle at
which the differential cross section peaks is
closest to

[CSIR JUNE 2021]
(a) 20° (b) 10°
(o) 0° (d) 30°
The phase shifts of the partial waves in an elastic

scattering at energy E are §, = 12°,5; = 4% and
8,5, = 0°. The best qualitative depiction of 8
dependence of the differential scattering cross-

section is CSIR JUNE 2023
dcos (6) [ J ]
(a) (b)
daldcos@ da/d cos
‘ ‘ ‘ ) 4 I"" Ixi4d T
0 z/4 /2 w4 T w a Sl
(c) (d)
daldcost da/dcosd
| | 1 | | |
0 x4 2 Iri4 T 0  z/4 Tl2 z/d T

An incident plane wave with wavenumber k is
scattered by a spherically symmetric soft
potential. The scattering occurs only in S - and P
- waves. The approximate scattering amplitude

atangles 6 = gande = gare
T 1 /5 ] T
f(o =§) zﬂ(§+ 31) andf(@-z)

1 (1+3i>
~ 2k 2)

Then the total scattering cross-section is closest

to [CSIR DEC 2023]
37 107

@ iz (b) Wz
35w o

(© ez (d) 7z
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22,

23.

In a scattering experiment, a beam of e~ with an
energy of 420 MeV scatters off an atomic
nucleus. If the first minimum of the differential
cross section is observed at a scattering angle of
45°, the radius of the nucleus (in fermi) is closest
to

[CSIR JUNE 2024]
(a) 0.4 (b) 8.0
(©)2.5 (d) 0.8

A particle of energy E is scattered off a one-
dimensional potential A6 (x), where 4 is a real
positive constant, with a transmission amplitude
t,.In a different experiment, the same particle is
scattered off another one-dimensional potential
—Ad8(x), with a transmission amplitude ¢_. In the
limit E — 0, the phase difference between t and
t_is

[CSIR JUNE 2024]
(2)m/2 (b)m
(©0 (d) 3m/2
GATE PYQ'’s

If o is the total cross-section and f(6),0 being
the angle of scattering, is the scattering
amplitude for a quantum mechanical elastic
scattering by a spherically symmetric potential,
then which of the following is true? Note that k
is the magnitude of the wave vector along the 2
direction.

[GATE 2002]

(@ a=I|f(O)
4
(b)o =170 = 0)[?

4m
(0o = % X Imaginary part of [f (6 = 0)]

4 _
(d)o = Tlf(@)l2

The scattering of particles by a potential can be
analyzed by Born approximation. In particular, if
the scattered wave is replaced by an appropriate
plane the Born
approximation is known as the first Born

wave, corresponding

approximation. Such an approximation is valid
for.

[GATE 2016]
(@) large incident energies and the weak
scattering potentials
and

(b) Large incident

scattering potential

energies strong

(c) Small incident energies & weak scattering
potential

(d) Small incident particle energies and strong
scattering potential

Consider the potential U(r) defined as

—-ar

U(r) = —U, -

where a and U, are real constants of appropriate
dimensions. According to the first Born
approximation, the elastic scattering amplitude
calculated with U(r) for a (wavevector)
momentum transfer g and « — 0, is proportional
to

(Useful integral: fooo sin (qr)e®"dr = o2 j_ q2
[GATE 2021]

(a) g2 O

©gq (d) q*

Consider an elastic scattering of particles in [ =
0 states. If the corresponding phase shift §, is
90° and the magnitude of the incident wave
vector is equal to v2mfm~!. Then the Total
scattering cross section in unit of fm? is

[GATE 2016]

A particle is scatted by a spherical symmetric
potential. In the centre of mass (cm) frame the

wavefunction of particle is 1) = Ae™** where k is
the wavefunction &A is canst.
(i) If £(0) is the angular wavefunction then in
the asymptotic region the  scattered
coavefunction has the form
Af(e)eikr Af(e)e—ikr
A b) —~——
(@)= (b) =
Af (@)elk Af (@)e ="
© 2z (d) 2z

A particle is scatted by a spherical symmetric
potential. In the centre of mass (cm) frame the
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wavefunction of particle is Y = Ae’*” where k is
the wavefunction & 4 is canst.

The differential scattering cross section in CM
frame is

£ ()]

@0 (0) = 4=

(b)a(®) = |AI”If (6)1
(©a(®) = If (O
(@)a(8) = |A]If(6)]

A particle is scattered by a central potential. If
the dominant contribution to the scattering
is from the p-wave, the differential cross section
is

(a) isotropic

(b) proportional to cos? 8
(¢) stabilized the magnetization
(d) Cause critical magnetic fluctuations

Consider the scattering of neutrons by protons
at very low energy due to a nuclear potential of
range 7,. Given that,

cot (kry +6) = —%

where § is the phase shift, k the wave number
and (—y) the logarithmic derivative of the
deuteron ground state wave function, the phase
shift is

[GATE 2013]

k 14
(a)6 = —;— kry (b)6 = % kry

©)6 ~ g — kry )6 ~ —g— ker

JEST PYQ’s

In a fixed target elastic scattering experiment, a
projectile of mass m, having initial velocity v,
and impact parameter b, approaches the
scatterer. It experiences a central repulsive force

fr) = r%(k > (0). What is the distance of the

closest approach d ?

®
0.0

2.

JEST 2019]
1 1
(a)d = (bz + L>2 (b)d = (bz - L>2
mvj muv?
Kk
(©d = b @d= |5

In a fixed target elastic scattering experiment, a
projectile of mass m, having initial velocity v,
and impact parameter b, approaches the
scatterer. It experiences a central repulsive force

k
fr) == k> 0)
What is the distance of the closest approach d ?
[JEST 2019]

ko\z k\2
(a)d = <b2 + 2) (b)d = (bz - —2>
muvg mvg

k
(Dd= |—
muvg
TIFR PYQ's

In a Rutherford scattering experiment, the
number N of particles scattered in a direction 6,
i.e. dN/d@, as a function of the scattering angle 6
(in the laboratory frame) varies as

(©d=h

[TIFR 2016]
0 0 0
47 2_ —
(a) csc > (b) csc > cot >

0 0
27 tan?~
(c) csc > tan” o

.0
(d) sec 3
A thyratron consists of a tube filled with Xenon
gas which can be used as a high power electrical
switch. Electrons are emitted from a cathode K
heated by a filament F, and made to accelerate to
some energy E by a voltage V applied across the
anode plate P.
Electrons that scatter from the Xe atoms get
deviated from their path and hit the shield S,
which is a conducting envelope that transports
the electrons back to ground potential (see
figure on the right). The rest of the electrons
strike the plate and contribute to
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R,
P
S
NN 1
K+ Ry =
F1
|4

the plate current ip.
Which of the following graphs of the variation of
the plate current ip with increase in the
accelerating voltage V could indicate the wave
nature of the electron?

[TIFR 2022]

(@) (b)

4 v

+ Answer Key

1.
6.

11.
16.
21.

CSIR-NET
a 2. b 3. a 4. a 5. d
d 7. a 8. ¢ 9. a 10. a
a 12. ¢ 13. b 14. c 15. ¢
d 17.c 18. a 19. c 20. b
a 22.c 23.b
GATE
c 2. a 3. a 4. 2 5. a

c 7. b 8. ¢
JEST
a 2. a
TIFR
b 2. a
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